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1 Introduction 

Inspired by the general framework of Yang-Mills theory [2] , presented synthetically in 
^ \ the following diagram: 

. ^ ; {E, (, )^) (TM, [, ]TAf , {Mtm, IdM),9) 

M 

where: 

1. (-E,7r,M) is a vector bundle, 

2. (, )^ is an inner product for the module of sections T (E, vr, M) , 

3. {{Mtm, IdM) , [i]tm) usual Lie algebroid structure for the tangent vector 
bundle {TM,tm,M) and 

4. 5 G T {{T*M,tI,j,M) {T*M,tI,j,M)) such that {M,g) is a Riemannian mani- 
fold, 
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we extend the notion of the Lie algebroid and we build the Lie algebroid generalized 
tangent bundle. 

In particular, using the identity morphisms, we obtain a similar Lie algebroid with 
the "prolongation Lie algebroid" ([4-7], [10], [11]) and with the "relativ tangent space" 
[8]. 

The theory of (linear) connections constitutes undoubtedly one of most beautiful 
and most important chapter of differential geometry, which has been widely explored in 
the literature (see [3, 8, 9, 12, 13]). 

In this paper, wc introduce and develop a (linear) connections theory for fiber bun- 
dles, in general, and for vector bundles, in particular. Our main source of inspiration 
was provided by the papers [3], [8] and [9]. 

In this general framework, we can define the covariant derivatives of sections of a 
vector bundle (£',7r,M) with respect to sections of a generalized Lie algebroid 

((F,i.,iV),[,]^^,(p,r/)). 

In particular, if we use the generalized Lie algebroid structure 

([' ]TM,IdM ' i^d,TM, Idu)) 

for the tangent bundle (TM, r m , M) in our theory, then the linear connections obtained 
are similar with the classical linear connections for a vector bundle {E,n,M). 
It is known that in Yang-Mills theory the set 

of covariant derivatives for the vector bundle {E, it, M) such that 

X{{u,v)j^) = {Dx (u) ,v)j^ + {u,Dx {v))e, 

for any X ^ X (M) and u,v € F {E, it, M) , is very important, because the Yang-Mills 
theory is a variational theory which use (cf. [2]) the Yang-Mills functional 

^ M 

where is the curvature. 

Using this linear connections theory, we succeed to extend the set Cov^^ ^ of 
Yang-Mills theory, because using all generalized Lie algebroid structures for the tangent 
bundle {TM,tm,M), we obtain all possible linear connections for the vector bundle 
{E,7r,M). 

Using our theory of linear connections we can obtain new and interesting results: 
formulas of Ricci type, identities of Bianchi and Cartan type, linear connection of Levi- 
Civita type, (see:[l]) 
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2 Preliminaries 



In general, if C is a category, then we denoted by \C\ the class of objects and for any 
A, i?G |C|, we denote by C {A, B) the set of morphisms of A source and B target. 

Let Vect, Liealg, Mod, Man, B and B'^ be the category of real vector spaces. 
Lie algebras, modules, manifolds, fiber bundles and vector bundles respectively. 

We know that if {E, tt, M) G |B^| , then (L {E, it, M) , +, •) is a J" (M)-module. 

If ((/?,(/?o) € B^((^,7r,M),(^',7r',M')) such that (/Jq G Diff{M,M'), then we 
obtain the M.od-morphism associated to the 'S^ -morphism {ip,<fo) 

T{E,Tr,M) ^^'^''^"^ > T{E',tt',M') 

defined by 

(r {(f, (fo) u) {x') = ip {u^-i^^,^ . 

We know that if {E,tt,M) € |B'^| such that M is paracompact and ii A C M 
is closed, then for any section u G F z*7r, A) it exists u G V {E,Tr,M) such that 
u\A = u. 

Note: In the following, we consider only vector bundles with paracompact base. 

Let € B^((£;,7r,M),(£;',7r',M')) be. If, for every y € fo{M), we fixed 

Xy E M such that (po {xy) = y, then we obtain an extension Mod-morphism associated 
to the B^-morphism ((^,(^0) 

T{E,7r,M) '^^'^''^"^ ' r(E|^^(M),iV,v^oW) 
u I — > T{ip,(pQ)u 

defined by 

T{(p,cpo)u{y) = (p{ua;y) . 

As M' is paracompact, then it results that T {ip, i^g) can be regarded as Mod- 
morphism of (L {E, tt, M) , +, •) source and (L {E', tt', M') +, •) target. 

As any two extension Mod-morphisms associated to the B^-morphism (99, (Pq) has 
the same properties, then an arbitrary extension Mod-morphism will be called the 
extension 'M.od-morphism associated to the W -morphism (99, (^q). 

We know that a Lie algebroid is a vector bundle {F,v,N) G |B"^| such that there 
exists 

(p, Mn) G B- ((F, V, N) , (TiV, Tiv, N)) 

and an operation 

T{F,u,N)xT{F,v,N) ^ T{F,u,N) 
{u,v) I — > [u,v]p 

with the following properties: 
LAi. the equality holds good 

[u,f ■v]p, = f[u,v]p, + T {p, 7djv) {u) f ■ V, 
for all u,ver {F, v, N) and / G J" {N) , 
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LA2. the 4-tuple (r {F, u, N) , +, •, [, ]^) is a Lie T (Ar)-algebra, 

LA3. the Mod-morphism T{p,IdN) is a LieAlg-morphism of {T {F,i/,N) 
source and (F {TN, rjv, N) , +, •, [, j^jy) target. 

Obviously, in the definition of the Lie algebroid we use the Mod-morphism T {p, Id at) 
associated to the B"^-morphism {p,Id]sf) . Using the extension Mod-morphism associ- 
ated to an arbitrary B^-morphism we can extend the notion of Lie algebroid and we 
obtain: 

Definition 2.1 Let M,N e |Man| and h G M.a.n{M,N) a surjective application. 
If (F, ly, N) e IB'*' I such that there exists 

{p,rj) eB- {iF,u,N) ,{TM,TM,M)) 

and an operation 

T{F,u,N)xT{F,u,N) T{F,u,N) 
{u,v) ^ K^If,^ 

with the following properties: 

GLAi. the equality holds good 

[u, f ■ v]F,h = f [u, v]F,h + r (T/i o p, /i o ry) (u) / ■ v, 
for all u,ver (F, i/, N) and / e 7" (N) . 
GLA2. the 4-tuple (t {F, u, N) , +, ■, [, ]p f^^ is a Lie T (iV)-algebra, 

GLA3. the Mod-morphism F {Th o p, /t o r/) is a LieAlg-morphism of (f {F, v, N) , -|-, •, [, ]p 
source and (F {TN,tm, N) , -|-, •, [, ]^^) target, then we will say that the triple 

(2.1) (^{F,u,N),[,]p^^,{p,r,)) 

is a generalized Lie algebroid. The couple , (p, ?7)jwill be called generalized Lie 

algebroid structure. 

Let ^(F, v, N) ,[,]pi^, (p, 77) j be a generalized Lie algebroid. 

• Locally, for any a,P E l,p, we set [tajtjs]^ ^ ^Ix^^i- easily obtain that 
Lip = -Lj^, for any a,/3,7 G l,p. 

The real local functions L^^^, a, (3,^ G l,p will be called the structure functions of 
the generalized Lie algebroid ^(F, v, N) , [, , (p, rj)^ . 

• We assume that (F, u, N) is a vector bundle with type fibre the real vector space 
{MP, +,■) and structure group a Lie subgroup of (GL (p, M) , •) . 
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We take as canonical local coordinates on {TM,tm,M) , where z G l,m. 

Consider 

a change of coordinates on {TM,tm,M). Then the coordinates change to by the 
rule: 

(2-2) /=i^V- 

We take (x*,z") as canonical local coordinates on {F,u,N), where iel,n, a G l,p. 
Consider 

a change of coordinates on {F, u, N). Then the coordinates z"' change to z°' by the rule: 
(2.3) ^'*'=Ag>. 

• We assume that {9, fj,) ^ {Th o p^horj). If z°'ta G F {F, u, N) is arbitrary, then 

T{Thop,ho T]) (z'^ta) fihor, (x)) = 
^^■^^ = {OW"^) (h o rj (x)) = ((p^ o h) (z- o h) ^) (r? (x)) , 

for any / G (AT) and h e N. 
The coefficients respectively 0^ change to respectively 0^- by the rule: 

(2.5) pK = AV — 

respectively 

(2.6) = A«^^ _ 
where 

-1 



|A"-|| 



Remark 2. 2 The following equalities hold good: 

(") ,io/.^ = («J,^)oA,v/e^(iV). 

and 

d ( pHioh 



^ ' [Ll^ ° h) [P, o h) = (p, o h) - [p^^ o h) 

Theorem 2.1 Let M G iMan^l and g,h e IsoMan{M) be. Using the tangent 
G^-morphism {Tg,g) and the operation 

r{TM,TM,M) xr{TM,TM,M) > r{TM,TM,M) 

{U, V) ^ [U, V]rj.j^ , 
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where 

^]TM,h = r(T{ho g)-' , {h o {[T {T {ho g) ,ho g)u,V {T [ho g) ,ho g) v\tm) , 

for any u,v {TM,tm,M), we obtain that 

(^{TM,TM,M),{Tg,g),[,]^^^,^) 

is a generalized Lie algebroid. 

For any Man-isomorphisms g and h we obtain new and interesting generalized 
Lie algebroid structures for the tangent vector bundle {TM,tm,M) . For any base 
{ta, a G 1, m} of the module of sections (F {TM, tm, M) ,+,■) we obtain the structure 
functions 

where 

0^, i,a G l,m 

are real local functions such that 

r{Tihog),hog) (ta) = 9'a£^ 

and 

are real local functions such that 

r{T{hogr\{hog)-') (^) = ^JV 

In particular, using arbitrary basis for the module of sections and arbitrary isome- 
tries (symmetries, translations, rotations,...) for the Euclidean 3-dimensional space S, 
we obtain a lot of generalized Lie algebroid structures for the tangent vector bundle 

(rs,Ts,s). 

We assume that ((F, u, N) ,[,]p , (p, Mn)) is a Lie algebroid and let h G Man (A'", N) 
be a surjective application. Let ATp be a vector fibred (n + p)-atlas for the vector 
bundle {F,h',N) and let AFtn be a vector fibred (n + n)-atlas for the vector bundle 

{TN,TN,N). 

If (C/,4[/) € AFtn and {V, sy) G AFp such that U fl h~^ {V) / then we define 
the application 

T-^\unh-^{V))) {Uf^h-\v)) xR" 

Proposition 2.1 The set 

ATtn'= U {(unh-'iV),lunh-Hv))} 

c/n/i-i(y)7^(/) 

is a vector fibred n + n-atlas for the vector bundle {TN,tn, N) . 
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If X = X'^-£^ er {TN,tn, N) , then we obtain the section 

X = X^oh^ eT{TN,TN,N), 

such that X (k) = X {h (x)) , for any h e U n {V) . 

The set { i€ T~n} is a base for the ^ (A^)-module (r {TN,tn, iV) , + , •) . 
Theorem 2.2 // we consider the operation 

r (F, u,N)xT {F, u, N) ) r (F, N) 

defined by 

[ta, ftp] = f {lIp oh^t^ + plo h^tp, 

for any / G ^ (N) , then (^{F, N) ,[,]pf^, (p, Mn)^ is a generalized Lie algehroid. 

This generaUzed Lie algebroid is called the generalized Lie algehroid associated to the 
Lie algehroid {{F, ly, N) ,[,]p , (p, IdN)) and to the surjective application h € Man (A^, A'') . 

In particular, if h = Idj^, then the generalized Lie algebroid 

(^{F,u,N),[,]pj^^,{p,IdN)) 
will be called the generalized Lie algebroid associated to the Lie algebroid 

{{F,u,N),l]p,{p,IdN)). 

Let AJ-TM be a vector fibred (m + m)-atlas for the vector bundle {TM,tm,M) 
and let {h*F,h*i',M) be the pull-back vector bundle through h. If {U,^,^) G AFtm 
and (y, sy) G AJ^p such that U PI (V) / 4>, then we define the application 

h*u-\unh-\v))) !^^2!!Zi(ri {unh-\v)) xw 

Proposition 2.2 The set 

AFf'= U {{Unh-'{V),sunh-Hv))} 

Unh-'^{V)j^<t> 

is a vector fibred m + p-atlas for the vector bundle {h*F,h*i',M) . 
If 

z = zHo,eV{F,u,N), 

then we obtain the section 

Z = {z'^oh)T^eT {h*F, h*v, M) 

such that 

Z (x) = z{h (x)) , 
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for any x e U H {V) . 

In addition, we obtain the B"^-morphism 



h*F ^ F 



(2.9) 



M 



N 



Theorem 2.3 Let (^p ,IdM^ be the 'B^ -morphism of {h* F,h*v,M) source and 
(TM,tm, M) target, where 



(2.10) 



h*F 

h*F TM 



Z-T^ix) ^ (Z" . p> /i) A (^) 

Using the operation 

r {h*F, h*v, M) X r {h*F, h*v, M) _i!k£ 

defined by 
(2.11) 



r {h*F, h*u, M) 



[Tajr^W =f{Ll^°h)T,+ {pl,oh)^^T^, 

for any f & (M) , it results that 

({h*F,h*v,M),W.p,{^7jdM)) 

is a Lie algebroid which is called the pull-back Lie algebroid of the generalized Lie alge- 
broid ({F,u,N)X\pf^,{p,ri)) . 

3 The Lie algebroid generalized tangent bundle 

We consider the following diagram: 

E (FX]p^^,{p,ri)) 



(3.1) 



M 



N 



where {E,Tr,M) is a fiber bundle and ^(F, z^, AT) , [, , (p, 77)^ is a generalized Lie 
algebroid. 

Wc take as canonical local coordinates on {E,Tr,M) , where i G l,m and 
a G 1, r. Let 
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be a change of coordinates on {E, it, M). Then the coordinates y" change to by the 
rule: 

(3-2) ya = ^ya 

In particular, if {E^-k^M) is vector bundle, then the coordinates change to y" by 
the rule: 

(3.2') y'^=Miy\ 
Let 

(tt* ,7r* (h*v),E) , [,]^,(^,^) , {^%^\ld^ 

be the pull-back Lie algebroid of the Lie algebroid 

()fF,h*v,M) X\h*F^^7 Mm) . 

\i z = z'^ta G r (F, u, N) , then, using the vector fibred (m + r) + j»-atlas AF.,^*(h*F)i 
we obtain the section 

Z = (2" o /i o tt) fa € r (tt* , TT* (/iV) , E) 

such that Z (ux) = z {h {x)) , for any Ux G tt""^ (t/Tl/i^^y) . 
For any sections 

Z"fa G r (tt* , TT* {h*F) , F) 

and 

Y^^^^(yTE,rE,E) 

we obtain the section 

= z"r„ © (z" (p> A o ^) A + y.^) e r (,r' (fc'F) e te, 5?, e) . 

Since we have 

- d d 
^°7^ + r«^ = 

g^a Qya 
t 

it implies = 0, a G TTp and ^ = 0, a G T^r. 

Therefore the sections tt— r, tt:^, tt^, are linearly independent. 

oz^ ozP oy^ oy'^ 

We consider the vector subbundle {{p,r))TE,{p,r])TE,E) of the vector bundle 
^TT* {h*F) © TE, TT, , for which the (£^)-module of sections is the T (£')-submodule 

of (r ^vr* {h*F) © TE, ®, E^ ,+,■), generated by the set of sections ' 
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The base sections 
(3.4) 



d d 



Q^a Qya 



put 



da, da 



will be called the natural {p,r])-base. 

The matrix of coordinate transformation on {(p,r])TE, {p,r]) te, E) at a change of 
fibred charts is 



(3.5) 



A" o h o IT 







{pi°ho tt) 



Qya Qya 

dx^ dy"- 



In particular, if (£^, vr, M) is a vector bundle, then the matrix of coordinate trans- 
formation on ((p, rf) TE, {p, rf) te, E) at a change of fibred charts is 



(3.6) 



Af^ohoTT 

dMi o vr 







dxi 



Easily we obtain 

Theorem 3.1 Let {p,IdE) be the W -morphism of {{p,r))TE, {p,r]) te, E) source 
and {TE,te, E) target, where 



(3.7) 



d 



{p,ri)TE-^TE 



d 



dz<^ dy 
Using the operation 

T{{p,n)TE, {p,n)TE,Ef 

defined by 



Kp,v)te 



r{{p,ri)TE, {p,ri)TE,E) 



d 



d 



dy 



VP 



d 



d 



(31 



d 



1 J-a, ^2 -'/^ 



d 



■K*{h*F) 



\l^oi ) i r^^t i Q 



• hon) Zi 



■/9 



d_ 



dx^ 



d 



TE 



dy" 



d 



d 



for any | Zf-^^^ + Y^-^^ | and | Zl^-^^p + ^2 ) > '^^ obtain that the couple 



{[A{p,ri)TEA~P,IdE)) 



is a Lie algebroid structure for the vector bundle ((p, ry) TE, (p, rj) te, E) . 

Remark 3.2 In particular, if /i = LdM and [,\tm usual Lie bracket, it results that 

the Lie algebroid 

{[{IdTMiIdu) TE, [IdTMjdM) Te,E) , [> ](Mtm,Mm)TE ' {jdTMiIdE^^ 
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is isomorphic with the usual Lie algebroid 

{{TE,TE,E) ,{IdTE,IdE)) . 

This is a reason for which the Lie algebroid 

, V) TE, {p, ri)TE,E),[,] (^p^ri)TE ' I^e)^ , 

will be called the Lie algebroid generalized tangent bundle. 

The vector bundle ((p, rj) TE, (p, rj) te, E) will be called the generalized tangent bun- 
dle. 



4 (Linear) (p, 77)-connections 

We consider the diagram: 



M 



where {E, tt, M) G |B| and (^{F, v, A?") , [, , (p, 77)^ is a generalized Lie algebroid. 
Let 

{{p, 77) TE, {p, 7]) te, E) , [, ](p,,,)T£; , (p, Ids) , 



be the Lie algebroid generalized tangent bundle of fiber bundle (£', tt, M). 

We consider the B'^-morphism {{p,r]) nl, Me) given by the commutative diagram 

ip,ri) TE^-^TT* {h*F) 



idp 



pri 



(^■1) {P,V)TE 

E — ^E 

This is defined as: 
(4.2) (p,r?)7r! ((z°J, + y«J^) (u,)) = (z^T.) K) , 

for any + eT {ip,rj)TE,ip,n)TE,E) . 

Using the B'^^-morphism {{p,r]) ttI, IdE) , and the the B'^^-morphism (2.9) we obtain 
the tangent {p,r])- application {{p,r])T7T,h o w) of {{p,r])TE, {p,r]) te, E) source and 
{F,u,N) target. 

Definition 4.1 The kernel of the tangent (p, 77) -application is written (V (p, rj) TE, (p, rj) te, E) 
and it is called the vertical subbundle. 

we ...... .e..{A,„.^}....e..e.<„ 



{T{V{p,7i)TE, {p,rj)TE,E),+,-). 
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Proposition 4.1 The short sequence of vector bundles 



Vip,r])TE<- 



(4.3) 



IdE 



E- 



IdE 



{p,ri)TE^-^7r* {h*F) 



■E- 



IdE 



E- 



IdE 



E 



is exact. 



Definition 4.2 A Man-morphism {p,ri)V of {p,r])TE source and V {p,r])TE target 
defined by 

(4.4) (p^n)r(^Z-^ + Y-^){u,)={Y- + {p,r,)r-Z-)^{u,), 

such that the B'^-morphism {{p,r])T,IdE) is a spht to the left in the previous exact 
sequence, will be called {p^rj)- connection for the fiber bundle {E,7t,M). 

The (p, /(iM-)-connection will be called p-connection and will be denoted pT and the 
(IdTM 5 ^c?M)-connection will be called connection and will be denoted T. 

Definition 4.3 If (p, rj) T is a (p, r7)-connection for the fiber bundle {E, tt, M), then 
the kernel of the B'^-morphism {{p,r])T, Ids) is written {H {p, rj) TE, {p, ri)TE,E) and 
will be called the horizontal vector subbundle. 

Definition 4.4 If {E,Tr,M) G |B|, then the B-morphism (H, tt) defined by the 
commutative diagram 



(4.5) 



V{p,ri)TE- 

{p,v)te 



-^E 



E- 



such that the components of the image of the vector Y"--^ (ux) are the real numbers 
(ux) , Y'^ (ux) will be called the canonical projection ^-morphism. 

In particular, if {E,tt,M) £ |B"^| and {sa,a € l,r} is the base of J-" (M)-module of 
sections (F {E, tt, M) ,+,•)) then 11 is defined by 



(4.6) 



u(y''^{Ux)) =Y^iUx)Sa{x). 



Theorem 4.1 // (p,r])r is a {p^rj)- connection for the fiber bundle (£", 7r,M), then its 
components satisfy the law of transformation 

(4.7) {p, v) r?;. = ^ [pl^ o{ho7r)^ + (p, v) r^] (hon). 

If {P-> v) r is a (p, rj)- connection for the vector bundle {E, tt, M) , then its components 
satisfy the law of transformation 

(4.7') (p, Tj) r«:=M«o7r[p^o (/iOTT) ^^/+ (p, V)^]^^ ihoTT) . 

If pr is a p-connection for the vector bundle {E, tt, M) and h = IdM, then relations 
(4.7') become 



(4.7") 



pr-:=Mfo7r p^0 7r^^/ + pr« 



AyOTT. 
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In particular, if p = IdxM, then the relations (4.7") become 



(4.7" 



O TT 



a 

dx^ 



dx'' 
dx'' 



Proof. Let (11, vr) be the canonical projection B-morphism. 
Obviously, the components of 



are the real numbers 



(F« + (p,r?)r<Z^')(u,). 



Since 



it results that the components of 

no(p,,;)r(z"'J^. + y-'J^.) (u,) 

are the real numbers 

(^Va o hon^ + + (p, n) TlZ^K-.o h o tt) M ^, 

where 



Qya 




dy"' 






dy'^ 



Therefore, we have: 

(ZX- oho7r^ + ^Y- + (p, n) oho7r)^ = Y- + (p, r?) r« Z". 

After some calculations we obtain: 

(P' ^) r«- = ^ (pL o (/i o tt) ^ + (p, r?) r«) A^. o o TT. g.e.d. 

Remark 4-1 If T is a classical connection for the vector bundle {E,Tr,M) on com- 
ponents r^, then the differentiable real local functions {p,r))r^ = (p^ o o tt) are 
the components of a (p, ?7)-conncction (p, rj) T for the vector bundle {E, vr, M) . This 
(p, r7)-connection will be called the {p,r])- connection associated to the connection T. 

Definition 4.5 If {p,rj)r is a (p, ?7)-connection for the vector bundle {E,ir,M) and 
z = z"ta € r {F, u, N) , then the application 



(4.8) 
where 



r{E,n,M) r(£;,7r,M) 
u = u^Sa I — > (p, ri) D^u 



(p, rj) L>^ti = o /i ( p> h-^ + (p, 77) r« o u ) s„ 
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will be called the covariant {p, rj) -derivative associated to linear (p, r]) -connection (p, r]) T 

with respect to the section z. 

Definition 4.6 Let (p, ry) F be a (p, ?7)-connection for the fiber bundle {E, ir, M) . If for 
each local vector (m + r)-chart {U,su) and for each local vector (n + p)-chart {V,tv) 
such that U n hr^ {V) ^ it exists the differentiable real functions (p, ?7)r^^ defined 
on [/" n /i"^ {V) such that 



(4.9) 



(p, r^)^ou = (p, r?) Vl^ ■ u\ Vn = uS^ G V {E, tt, M) , 



then we say that (p, 77) T is linear. 

The differentiable real local functions (p, ??) F^^ will be called the Christoffel coeffi- 
cients of linear {p,ri) -connection {p,r))T. 

Proposition 4.1 // (p, r])r is a linear (p, rj) -connection for the fiber bundle {E, tt, M) , 
then its components satisfy the law of transformation 



(4.10) 



p'°h£.{i§^)+{p,v)n 



67 ayf)' 



A>/i. 
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// (p, r7)r is a linear {p,rj) -connection for the vector bundle (£^,7r,M), then its 
components satisfy the law of transformation 



(4.10') 



(p,r?)F«^^M«' pkoh^+{p,ri)ri^Ml 



If pF is a p-connection for the vector bundle {E,7r,M) and h = Mm, then the 
relations (4.10') become 



(4.10") pr^-=M- 

In particular, if p = IdxM, then the relations (4.10") become 
(4.10'") 



-pi' fe' 



Remark 4-2 If {p,r])T is a linear (p, 7y)-connection for the vector bundle {E,Tr,M), 
then, for any 

z = z''taer{F,u,N), 

we obtain the the covariant (p, r)) -derivative associated to linear (p, r))- connection (p, rj) F 
wii/i respect to the section z 



(4.11) 
defined by 



r{E,Tr,M)^-^^T{E,TT,M) 
u=u"'Sa I — > {p,r])D^u 



{p,r,)D,u=z-oh ( p^^oh^+{p,r,)rt^ ■ ) s„. 



Remark 4-3 If (p, 77)F is a linear (p, 77)-connection for the vector bundle {E,7r,M), 
then the tensor fields algebra (T {E, tt, M) , +, •, (g)) is endowed with the (p, 77)-derivative 



(4.12) 



F(F,zy,Ar) xTiE,TT,M) 



TiE,7r,M) 
{p,v)DzT 
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defined for a tensor field T e Tq {E, tt, M) by the relation: 

{p, 7?) D^T (ui, Up, Ul, Uq^ = r (p, 7?) (z) (t (ui, Up, Ui, Ug^ ^ 

(4.13) -T (^{p,r])D^ui,...,Up,ui,...,Uq^ - ... - T (ui, {p,r]) D^Up,ui, ...,Uq 

ui,...,Up,{p,ri) DzUi,...,Uqj - ... - r \ ui,...,Up,ui,..., {p,r])DzUqj . 
After some calculations, we obtain: 

{p, ri) D, (t^i;:::;;^^ sa, ® ... ® ® ® ... ® 

= , ^ (pi o + (P, T^^^X" 

+ (p, r?) TZT^,l:X' + ... + (P, r/) T^^T,';-:^--'" - ... 

- (p, ^) rUr-;-;;C - (p, ^) rLr;.:^;;^ - - 

- (p> ^) rtar,",',C:::r) ® - ® ® ® - ® 

^= z'^oh- T^lX^Sa, ... ® ® s''! ® ... s''^. 

If r/)r is the hnear (p, 77) -connection associated to Unear connection F, namely 
{P,v)no. = {pioh) r^fe,then 

(4.15) C:Xi^ = (^'°^)C:Xi^- 



(4.14) 
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1 Introduction 



The motivation for our researches was to extend the notion of Lie algebroid using the 
extension Mod-morphism associated to a B^-morphism. Using this general framework, 
we get a panoramic view over classical concepts from mathematics. [1] 

We introduced the notion of interior differential system (IDS) of a generalized Lie 
algebroid, in general, and of a Lie algebroid, in particular. We develop the exterior 
differential calculus for generalized Lie algebroids and, in this general framework, we 
establish the structure equations of Maurer-Cartan type and we characterize the in- 
volutivity of an IDS in a theorem of Cartan type. Finally, using the classical notion 
of exterior differential system{see: [2,4,6,7]) (EDS) of a generalized Lie algebroid, in 
general, and of a Lie algebroid, in particular, we characterize the involutivity of an IDS 
in a theorem of Cartan type. In particular, we can obtain similar results with classical 
results for Lie algebroids. (see: [3,8,9]) 
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2 Preliminaries 



In general, if C is a category, then we denoted by \C\ the class of objects and for any 
A, i?G |C|, we denote by C {A, B) the set of morphisms of A source and B target. 

Let Vect, Liealg, Mod, Man, B and B'^ be the category of real vector spaces. 
Lie algebras, modules, manifolds, fiber bundles and vector bundles respectively. 

We know that if {E, tt, M) G |B^| , then (L (E, tt, M) , +, •) is a J" (M)-module. 

In adition, if {E, tt, M) G |B"^[ such that M is paracompact and if ^ C M is closed, 
then for any section u over A it exists -u € F {E, tt, M) such that u^j^ = u. 

Note: In the following, we consider only vector bundles with paracompact base. 

Proposition 2.1 If {ip, (Pq) G B^ {{E, tt, M) , {E' , tt' , M')) , then it exists a Mod- 
morphism T (ip, ip^) of V {E, tt, M) source and T (E', tt' , M') target. 

Proof. For every y G ip^ (M) , we fixed Xy £ M such that ip^ (xy) = y. Then we 
obtain a section F {(p, ^Pq)u over the closed set ip^ (M) defined by 

V{ip,ipQ)u{y) = ip{uxy) . 

As M' is paracompact, then it results that the section F {ip, ipg) u can be regarded 
as a section of (F {E', tt', M') +, •). 
So, we obtain a Mod-morphism 

F(£;,7r,M) ^^'^''^"^ > F(£;',7r',M') 
u I — > V{p),ipQ)u 

defined by 

V{ip,ipQ)u{y) = <p[u^^) , 
for any y & ipo (M) . q. e. d. 

Definition 2.1 A Mod-morphism given by the previous proposition is called the 

extension Mod-morphism associated to the W -morphism {lp,lpq). 

Remark 2. 1 The construction of the extension Mod-morphism associated to a B^- 
morphism (</?, ip^) is not unique, but any two extension Mod-morphisms associated to 
a B"^-morphism {(p, ip^) has the same properties. 

Example 2.1 If {ip, (p^) € B^ {{E, tt, M) , {E' , tt' , M')) such that ip^ G Diff (M, M') , 
then we obtain the unique Mod-morphism 

T{E,TT,M) ^^'^''^"^ > T{E',tt',M') 
u I — > V{ip,ipQ)u 

defined by 

(F ((p, (po) u) {x') = ip • 
F((/?, (^o) is called the M.od-morphism associated to the -morphism (</?, i^q)- 

3 The category of generalized Lie algebroids 

We know that a Lie algebroid is a vector bundle {F, v, N) G IB"^! such that there exists 

{p, Un) G B^ {{F, V, N) , {TN, TN, N)) 
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and an operation 

r(F,i.,iv) xr(F,z/,iv) ^ r(F,i.,iv) 

{u,v) I — > [u,v]j, 

with the following properties: 

LAi. the equality holds good 

[u, f ■v]p = f [u, v]p + r (p, 7djv) {u) f ■ V, 

for all u,ver {F, v, N) and f £ T (N) , 

LA2- the 4-tuplc (r {F, u, N) , +, •, [, ]p) is a Lie J-" (A^)-algcbra, 

LA3. the Mod-morphism r{p,IdN) is a LieAlg-morphism of (F {F,u,N) 
source and (F {TN, tn, N) , +, •, [, J^-jv) target. 

Obviously, in the definition of the Lie algebroid we use essential the Mod-morphism 
r (p, Mn) associated to the B'^-morphism (p, /c/at) • 

So, we are interested to finding the answer to the following question: 

• Could we to extend the notion of Lie algebroid using the extension Mod-morphism 
associated to a -morphism? 

Definition 3.1 Let M,N £ |Man| and h G Man (M,iV) be surjective. 
If {F, ly, N) G |B^| such that there exists 

(p, v) e ((F, u, N) , (TM, TM, M)) 

and an operation 

r (F, z/, A^) X r (F, u,N) r (f, u, n) 

{u,v) ^ [u,v]p^h 

with the following properties: 

GLAi. the equality holds good 

[^'/ • ^]F,h = f W^v]pf^ + r{Tho p,hor]) {u)f- V, 
for all u,veT (F, u, N) and f e {N) . 
GLA2. the 4-tuple (v (F, i/, iV) , +, •, [, ]p f^ is a Lie T (iV)-algebra, 

GLA3. the Mod-morphism F (T/i o p, /t o r/) is a LieAlg-morphism of (F, v, N) , -|-, •, [, ]p 
source and (F {TN,tn, N) , -|-, •, [, ] j,^) target, then we will say that the triple 

(3.1) (^{F,u,N),[,]p,^,{p,v)) 

is a generalized Lie algebroid. The couple ^[, j^.^ , (p, 77)^ will be called generalized Lie 
algebroid structure. 
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Definition 3.2 We define the set of morphisms of 

(^{F,u,N),[,]^,^,{p,v)) 

source and 

((F',^',iV'),[,]^,,,,(p',ryO) 

target as being the set 

{{cp,<Po) {{F,u,N),{F',u',N'))} 
such that the Mod-morphism F {(p, (po) is a LieAlg-morphism of 

(r{F,U,N),+,;l]F,h) 

source and 

(r {F',u',N'),+,;[,]j„^,^,) 

target. 

We remark that we can discuss about the category GLA of generalized Lie alge- 
broids. 

Let (^{F,iy,N),[,]j,,^,{p,r,)) be a generaUzed Lie algebroid. 



Locally, for any a,/3 G we set [ta,tp]p ^= L'^^^t^- We easily obtain that 
Y _ _ r7 



The real local functions ^^Pil ^ will be called the structure functions 

of the generalized Lie algebroid ( {F, u, N) , [, , {p, j . 



We assume that (F, N) is a vector bundle with type fibre the real vector space 
+, •) and structure group a Lie subgroup of (GL (p, M) , •) . 



We take as canonical local coordinates on {TM,tm,M) , where i € l,m. 

Consider — > (x* (x*) , (x*,y*)) a change of coordinates on {TM,tm,M). 
Then the coordinates change to by the rule: 

(3.2) /=i^V- 

We take (x*,^") as canonical local coordinates on {F,u,N), where ?€l,n, a € l,p. 
Consider — > a change of coordinates on {F,i',N). Then the 

coordinates z" change to by the rule: 

(3.3) z"'=Ag>. 

• We assume that {9, p) ^= {Th o p,ho t]). If z'^ta € L (F, i^, N) is arbitrary, then 

r (T/i o p, /i o r]) {z'^ta) f{hon (x)) = 

^'■'^ = l^^^'^^) ° ^ = ((^^ ° ^) ° ^) ^) ' 

for any / G 7" (iV) and h € N. 
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The coefficients respectively 0^ cfiange to p^- respectively 0^- by tfie rule: 
(3.5) 

respectively 
(3.6) 

where ||A°| = ||A°'|| 

Remark 3. 1 The following equalities hold good: 

(3-7) PL ° h^-^ = (^L^) o V/ G F{N) . 

and 

(L^, o h) (p, o /.j = (p, o - (p^^ o fej 

In the next we build some examples of objects of the category GLA. 
Theorem 3.1 Let M G iMan^j and g,h e IsoM.an{M) be. Using the tangent 
W -morphism {Tg,g) and the operation 

r (TM, TM, M) X r (TM, TM, M) ) r (TM, TM, M) 

{u, v) ^ [u, v]j^M^i^ 

where 

v]TM,h = r (r (/i o g)-' , {h o 5)-l) ([r (T (/i o 5) , o 5) u, r (T (/i o 5) , /i o 5) ^;]^^) , 

for any u,v €T (TM, tm, M), we obtain that 

({TM, TM, M) , (Tg, g) , [, J^^ G |GLA| . 

For any Man-isomorphisms g and h we obtain new and interesting generalized 
Lie algebroid structures for the tangent vector bundle {TM,tm,M) . For any base 
{ta, a G 1, m} of the module of sections (F {TM, tm, M) ,+,■) we obtain the structure 
functions 

where 0^, z,q; G l,m are real local functions such that 

r{T{hog),hog) (U = ^L^ 

and dj, i, 7 G 1, m are real local functions such that 

T(T{hog)-\{hog)-^^ {£)=9]t,. 

In particular, using arbitrary basis for the module of sections and arbitrary isome- 
trics (symmetries, translations, rotations,...) for the Euclidean 3-dimensional space S, 
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/, = A V — 

Pa '^aPag^i, 



'a 



A"# ^ 



we obtain a lot of generalized Lie algebroid structures for the tangent vector bundle 

(rs,Ts,s). 

We assume that {{F, u, N) ,[,]p , {p, Mn)) is a Lie algebroid and let h G Man (A'", A'") 
be a surjective application. Let AJ^f be a vector fibred {n + p)-atlas for the vector 
bundle {F,h',N) and let AFtn be a vector fibred (n + n)-atlas for the vector bundle 

{TN,TN,N). 

If {U,^ij) G AFtn and (V, sy) G AJ^f such that U fl /t~^ {V) / ^, then we define 
the application 

T^^{unh-^{V))) {unh-^{v)) xM" 

(X,'U(X)) ^ (^)) • 

Proposition 3.1 T/te sei 

AFriv^= U {{ur\h-^{V),ljjr,h-r(y))} 

{U,iu)£AFTN, (V,sv)£ATf ' ^ 

is a vector fibred n + n-atlas for the vector bundle {TN,T]\f, N) . 
If X = X'^-£j eV {TN,TN, N) , then we obtain the section 

X = X'oh^eT{TN,TN,N), 

such that X (x) = X {h (x)) , for any x G [/ fl h"^ {V) . 

The set { g|j , ie l~fi} is a base for the T (iV)-module (L {TN,tn, N),+,-). 
Theorem 3.2 // we consider the operation 

r (F, z/, iV) X r (F, ly, N) ^'^'^''^ > T (F, ly, N) 

defined by 

[ta,ftp]pf^ = f (Ll^ohY^ + ploh^t^, 
[ft a, i/s] F,h ^ ~ [*/3 ' fta] F,h ' 

for any feF (AT) , then ((F, z/, AT) , [, ]^,^ , (p, Mn)) G |GLA| . 
The generalized Lie algebroid 

({F,v,N),l]p^^,{p,IdN)) 

given by the previous theorem, will be called the generalized, Lie algebroid associated 
to the Lie algebroid {{F,i',N),[,]p,{p,IdN)) and to the surjective application h G 
Man (A^, N) . 

In particular, if h = Idj^, then the generalized Lie algebroid 

(^{F,u,N),[,]p^j^^,{p,IdN)) 
will be called the generalized Lie algebroid associated to the Lie algebroid 

{{F,,y,N),[,]p,{p,IdN)). 
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3.1 The pull-back Lie algebroid of a generalized Lie algebroid 

Let (^{F,u,N),[,]p,,^,{p,ri)) be a generalized Lie algebroid. 

Let AJ-p be a vector fibred (n + p)-atlas for the vector bundle (F, N) and let 
AJ-TM be a vector fibred {m + m)-atlas for the vector bundle {TM,tm,M). 

Let {h*F,h*v,M) be the pull-back vector bundle through h. 

If {U,^u) e ATtm and (V, sy) e ATf such that U n h"^ {V) 7^ (f), then we define 
the application 

h*iy-\unh-\v))) {unh-Hv)) xRp 

Proposition 3.1.1 T/te set 

AFf=* U {(^:^n/i-i(F),%n/»-i(y))} 

c/n/i-i(v)7^</> 

is a vector fibred m, + p-atlas for the vector bundle {h*F, h*v, M) . 
If z = z"ta € r (F, v, N) , then we obtain the section 

Z = o /t) r„ G r {h*F, h*u, M) 

such that Z (x) = z{h (x)) , for any x E U H h~^ (V) . 

(h* F \ 
p jldMj be the W-morphism of {h*F,h*v,M) source and 

(TM,tm, M) target, where 

(3 11) ^^'^ 

Using the operation 

r {h*F, h*v, M)xT {h*F, h*u, M) ^'''^^^ > r {h*F, h*u, M) 

defined by 

[ra,/r^W =f{Ll,oh)T,+ {f^,oh)^T0, 

for any / € J-" (M) , it results that 

({h*F,h*v,M),[\.p,{^7jdM)) 

ia a Lie algebroid which is called the pull-back Lie algebroid of the generalized Lie 
algebroid {{F, N) , [, ]p^i^ , {p, 77)^ . 
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3.2 Interior Differential Systems 

Let (^{h*F,h*iy,M),[,]f^.p,(^^'p , Id-M^^ be the pull-back Lie algebroid of the generali- 
zed Lie algebroid (^{F, v, N) ,[,] p,^ , (p, r]fj . 

Definition 3.2.1 Any vector subbundle {E, tt, M) of the vector bundle {h*F, h*v, M) 
will be called interior differential system (IDS) of the generalized Lie algebroid 

({F,v,N),[,]p^^,{p,r^)). 

In particular, if /i = Id^ = rj, then any vector subbundle {E,Tr,N) of the vector 
bundle {F, v, N) will be called interior differential system of the Lie algebroid 

{{F,u,N),[,]p,,{p,IdN)). 
Remark 3.2.1 If {E,7r,M) is an IDS of the generalized Lie algebroid 

(^{F,u,N),[,]p,^,{p,r,)), 



then we obtain a vector subbundle (£^°,7r°,M) of the vector bundle yi*F,h*i',M 
such that 

r {E^, 7r°, M) ^= |q G r (^h*F, h*u, ■.n{s) = o, yser {e, tt, m)| . 

The vector subbundle [E^,'k^,M) will be called the annihilator vector subbundle of 
the IDS {E, TT, M) . 

Proposition 3.2.1 // (£', tt, M) is an IDS of the generalized Lie algebroid 

(^{F,u,N),[,]p^^,ip,rj)) 

such that T{E,Tr,M) = {Si,...,Sr), then it exists e''+\...,eP G T (^h*F,h*u,M^ 

linearly independent such that T (£;°,7r°,M) = (G^'+S ...,9^) . 

Definition 3.2.2 The IDS {E, tt, M) of the generalized Lie algebroid 

(^{F,u,N),[,]p^^,{p,^)) 

will be called involutive if [S, T]f^.p G T {E, tt, M) , for any S,Ter {E, tt, M) . 
Proposition 3.2.2 // {E, tt, M) is an IDS of the generalized Lie algebroid 

{F,u,N),[,]p^^,ip,rj) 

and {Si,...,Sr} is a base for the F {M)-submodule (F tt, M) , +, •) then {E,Tr,M) 
is involutive if and only if [Sa, Sb]f^*p G T {E, tt, M) , for any a, 6 G 1, r. 
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4 Exterior differential calculus 

Let (^{F,i^,N),[,]p,^,{p,ri)) be a generalized Lie algebroid. We denoted by (F, v, N) 
the set of differential forms of degree q. We remark that if 

A{F,iy,N) = ®A'i{F,i^,N), 

q>0 

then we obtain the exterior differential algebra (A (F, v, N) , +, A) . 
Definition 4.1 For any z eT {F, u, N), the appUcation 

A(F,z/,iV) — ^ A{F,iy,N) , 

defined by 

L, {f)=TiThop,ho7j)z{f), 

for any f £ F (N) and 

L^uj {zi, Zq) =r{Tho p,hor])z{uj {{zi, Zq))) 

-E'^ ((zi,-,[z,Zi]pf^,...,ZqU , 

1=1 ^ ^ ' ' 

for any oj € A'^ (F, v, N) and zi, ...,Zq G T (F, v, N) , is called the covariant Lie derivative 
with respect to the section z. 

Theorem 4.1 If z e T {F,u, N) , u e A? {F, u, N) and 9 e A"" {F, u, N), then 

(4.1) Lz{oj A0) = L^oj A0 + U1 ALz9. 
Definition 4.2 For any z eT {F, u, N), the application 

A{F,u,N) A{F,u,N) 
Ai {F, u,N)3oo ^ i;,co e A9-1 {F, u, N) , 

defined by izf = 0, for any / G F{N) and 

i^U {Z2, Zq) = U {Z, Z2, Zq) , 

for any Z2, ■■■,Zq G F {F, i/, N), is called the interior product associated to the section z. 

Theorem 4.2 If zeF {F, v, N), then for any w G A^ (F, u, N) and 6* G A'' (F, v, N) 
we obtain 

(4.2) iz{oj Ae)=izOJ A9 + {-lfuJ Mzd- 
Theorem 4.3 For any z,v E T{F,i/,N) we obtain 

(4.3) L^oiz-iz° Ly = i[z,v\py 

Theorem 4.4 The application 

Ai (F,z/,Ar) A«+i (F,i/,iV) 

Lo I — > duj 
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defined by d^ f (z) = T {Th o p^horj) {z) f, for any z eT {F, u, N) , and 

q 

d^Uj{zo,Zl,...,Zq) = {-ly T {Th O p, h O 7]) Zi [U {{Zo, Zl, Zi, Zq))) 

i=0 



+ {-'^y^^ {{[Zi, Zj]p,^ , Zq, Zl, Zi, Zj , Zgj] , 



for any zq, zi, Zq G T (F, v, N) , is unique with the following property: 

(4.4) L^ = d^oi^ + i^o d^, G r (F, z/, AT) . 

This application will be called the exterior differentiation operator for the exterior 
differential algebra of the generalized Lie algebroid ((F, i^, AT), [, j^^/j, {p,r])). 

Theorem 4.5 The exterior differentiation operator d^ given by the previous theorem 

has the following properties: 

1. For any a; G A« {F, i/, N) and 6 e {F, u, N) we obtain 

(4.5) d^ {oj ^e) = d^oJ ^e + {-lfuJ ^d^e. 

2. For any z € T (F, N) we obtain o d^ = d^ o L^. 

3. d^ od^ = 0. 

Theorem 4.6 (of Maurcr-Cartan type) 

// {{F,v,N),[,]p^h,{p,r])) is a generalized Lie algebroid and d^ 
is the exterior differentiation operator for the exterior differential F{N)-algebra 
{A^FjV, N),+, ■, a), then we obtain the structure equations of Maurer-Cartan type 

(Ci) d^f" = -\L%t^ A t\ a(.T^ 

and 

(C2) d^x^ = 0", ?e V^, 

where {i",a G is the coframe of the vector bundle {F,u,N). 

This equations will be called the structure equations of Maurer-Cartan type associa- 
ted to the generalized Lie algebroid (j^F, f, N) ,[,]pf^, (p, rjfj . 

Proof. Let a G l,p be arbitrary. Since 

dn^{t^,ty) = -L'^^, vatgt;^ 

it results that 



(1) CL^t- = -l.^h 



Since L^^ = —L"^^ and KV = —V A t^ , for nay /3, 7 G it results that 



(2) E^^/An=iL^/At^ 



^<7 
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Using the equalities (1) and (2) it results the structure equation (Ci). 

Let z G l,n be arbitrarily. Since d^>c^{ta) = 0]^, for any a G l,p, it results the 
structure equation (C2 ) . q.e. d. 



Corollary 4.1 // ( M) , [, ]^,^ , ff , IdM ) ) is the pull-back Lie algebroid 



associated to the generalized Lie algebroid ^(F, i^, N) ,[,]pfj_, (p, ri)j and d'' ^ is the exte- 
rior differentiation operator for the exterior differential (M) -algebra 
{A(h*F,h*iy,M) ,+,-,A), then we obtain the following structure equations of Maurer- 
Cartan type 

[C'l) d'^'^T'^ = (L^^ oh)T'' AT\ aei;^ 

and 

(C^) d'^'^'x' = [ff^ o /t) r°, ie T^m. 

This equations will be called the structure equations of Maurer-Cartan type associated 
to the pull-back Lie algebroid 

((h*F,h*i^,M) ,{^J JdM)) . 

Theorem 4.7 (of Cartan type) Let {E, tt, M) be an LDS of the generalized Lie 
algebroid (^{F, v, N) , [, j^.^ , {p-,rj)^ . Lf {0''+^, is a base for the F {M)-submodule 
(r i^E^ , 7r°, M) ,+,•), then the LDS {E, tt, M) is involutive if and only if it exists 

e {h*F, h*u, M), a, /3 G r-\-l,p 

such that 

d^*^Q- = S^eTOJ^^ A G X (r {E\ tt", m) ) . 

Proof Let {^i, Sr} be a base for the T (M)-submodule (L {E, tt, M) , +, •) 
Let {Sr+i, Sp} G T {h*F,h*u,M) such that {Si, S'r, S^+i, S'p} is a base for 
the F (M)-module 

(r(rF,/iV,M),+,.). 

Let e^...,e'■ G r (^h*F,h*u,M^ such that {e^ e^ e''+\ 9^} is a base for 
the T (M)-module 

/ / * * \ 
r h*F,h*i^,M] ,+,• 



For any a,b € 1, r and a, /3 G r + 1, p, we have the equalities: 





(St) 


= St 


Qa 


(Sp) 


= 


G" 


is,) 


= 


Qa 




— A" 



We remark that the set of the 2-forms 

{e" A e^ 6" A e^, a e'^, a,b eT~P Aa,(3 e r + l,p} 
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is a base for the T (M)-module (A^ {h*F, h*v, M) ,+,-). 
Therefore, we have 

(1) d^*^Q'^ = ^b<cAtcO'' A + S6,^s^e^ A + s^<^c^^e^ a 

where, A'^^,B^^ and C^^, a,b,c G l,r, a,/?, 7 G r + l,p are real local functions such 
that A-^ = -A% and C^^ = -C^^. 
Using the formula 

d^'P@"{S,,S,) =T{^JjdM)Si,{Q'^{S,))-v{^J,IdM)s,{Q'^{S,)) 
we obtain that 

(3) A^, = -e°([56,5eW), 

for any 6, c G 1, r and a G r + 

We admit that {E,Tr,M) is an involutive IDS of the generalized Lie algebroid 

((F,z.,Ar),[,]p,^,(p,r?)). ^ 

As [Sb, Scli^.p G r {E, TT, M) , for any 6, c G T;r, it results that 6° ([5^, 5c]^.^) = 0, 
for any 6, c G l,r and a G r + Therefore, for any 6, c G l,r and a G r + we 
obtain A'^^ = and 

= (fi^e'' + ic|^e^) A e^. 

As 

B^e^ + ]f1^Q^ G A^ /iV, M) , 

for any a, /3 G r + it results the first implication. 
Conversely, we admit that it exists 

G A^ {h*F, h*v, M), a,Pe r + l,p 

such that 

(4) d'^^^e" = A 

for any a G r + 

Using the affirmations (1) , (2) and (4) we obtain that A'^^ = 0, for any 5, c G l,r 
and a G r + 

Using the affirmation (3), we obtain Q"' {[Sb, Sc]j^*p) = 0, for any 6, c G l,r and 

a G r + 

Therefore, we have [Sb, >S'c]/j»p G F {E, n, M) , for any 5, c G 1, r. 

Using the Proposition 3.2.2, we obtain the second implication. q.e.d. 

If {{^F' , v' , N') , [, ]p, f^, , (p', r]')^ is an another generalized Lie algebroid and (Pq) 
is a GLA-morphism of 

(^{F,u,N),[,]p,^,{p,r,)) 
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source and 

((F',i.',iV'),[,]^,,,,(p',V)) 
target, then obtain the apphcation 

where 

(po)* (21, Zq) = J (r ((^, (^0) (2:1) , r ((^, (^0) (^9)) , 

for any zi, Zq^V (F, z/, A^) . 

Theorem 4.8 // ((^, (^q) GLA-morphism of 

((F,i.,iV),[,]p^^,(p,r/)) 

source and 

[{F',u',N'),[,]^,^^,,{p',r,')) 

target, then the following affirmations are satisfied: 

1. For any J G A« (F', i/', AT') anc? B' G A'' (F', i/', N') we obtain 

(4.13) (yp, v^o)* l'^' A 0') = ^oT ^' A (V', V'o)* 

2. For any zer (F, z/, AT) and G A« (F', 2/', AT') we obtain 

(4.14) (((^, (Pq)* oj') = {(p, (Pq)* (v(^)w') . 

3. If N = N' and {Th o p, h o rj) = {Th' o p', h' o rj') o [cp, (p^) , then we obtain 

(4.15) {^,vorod^' =d^o{^,^^y. 

4.1 Exterior Differential Systems 

Let (^{h*F,h*iy,M),[,]f^.j,,(^^J,IdM)) be the puh-back Lie algebroid of the generah- 

zed Lie algebroid (^(F, i^, N) , [, J^,^ , (p, rjj^ . 

Definition 4.1.1 Any ideal {!,+, •) of the exterior differential algebra of the pull- 
back Lie algebroid (^{h*F, h*v, M) , [, ]^,^ , (^ff, Mm^ j closed under differentiation op- 
erator ^ , namely d'^ C I, will be called differential ideal of the generalized Lie 
algebroid {{F, N) , {p, r])^ . 

In particular, if /i = IdN = rj, then any ideal (X, +, •) of the exterior differen- 
tial algebra of the Lie algebroid ((F, UjN) ,[,]p , {p, Mm)) closed under differentiation 
operator d^ , namely d^X C X, will be called differential ideal of the Lie algebroid 
{{F,v,N),l]p,{p,IdM)). 

Definition 4.1.2 Let (X, + , •) be a differential ideal of the generalized Lie algebroid 

{^{F, v, N) , [, ]p^f^ , (p, r?) j or of the Lie algebroid ((F, z/, A^) ,[,]p, {p, IdM)) respectively. 



13 



If it exists an IDS {E, vr, M) such that for all G N* and w G X n A'' {h*F, h*u, M) 
we have u {u\, Uk) = 0, for any ui, tifc G F {E, tt, M) , then we will say that (Z, +, •) 
is an exterior differential system (EDS) of the generalized Lie algebroid 

((F,z.,iV),[,]^,,(p,r/)). 

In particular, if /i = Idjy = rj and it exists an IDS (E, tt, M) such that for all G N* 
and u! G ICiA^ {F, u, M) we have oj (tii, Uk) = 0, for any ui, Ufc G F tt, M) , then 
we will say that (X, +, •) is an exterior differential system (EDS) of the Lie algebroid 
{{F,u,N),[,]p,{p,IdN)). 

Theorem 4.1.1 (of Cartan type) The IDS {E,7r,M) of the generalized Lie al- 
gebroid (^{Fjh', N) ,[,]p , (p,r])^ is involutive, if and only if the ideal generated by 
the F {M)-submodule (F (E^, 7r°, M) , +, •) is an EDS of the generalized Lie algebroid 
((F,z.,iV),[,]^,,(p,7?)). 

Proof. Let tt, M) be an involutive IDS of the generalized Lie algebroid 

Let {Q'+^,...,eP] beabasefor the J^(M)-submodule (F (£;°,7r°,M) ,+, •) . 
We know that 

Z(F(^0,7r°,M)) = UggN {J^a A 9", C Ai{h*F,h*u,M)}. 

Let g G N and {ilr+i, ^p} C A*? ih*F, h*iy, M) be arbitrary. 
Using the Theorems 4-5 and ^.l we obtain 

As 

d^*^\l^ + (-1)'?+^ A G A«+2 /iV, M) 

it results that 

d'^*-^ (O/jAe'^) GX(F(E0,7r°,M)) 

Th6r6for6 

«!^*^X(r(sO,7rO,M)) CX(F(^o,7rO,M)). 
Conversely, let {E,'k,M) be an IDS of the generalized Lie algebroid 

such that the F (M)-submodulc (X (F 7r°, M)) , + , •) is an EDS of the generalized 
Lie algebroid (^{F, N) , [, ]^,^ , (p, r/)) . 

Let {e'^+\ e^} be a base for the F (M)-submodule (F {E^, tt^, M) ,+,•). As 
d'^'^X (F (^0, 7r°, M)) C X (F (^0, 7r°, M)) 
it results that it exists 

G A^ {h*F, h*u, M) , a, /3 G r + l,p 

such that 

d'^^^e" = S^eTOJ^^ A G X(F (£;°,7rO,M)) . 
Using the Theorem ^.7, it results that {E,Tr,M) is an involutive IDS. q.e.d. 
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Abstract 

A generalized notion of a Lie algebroid is presented. Using this, the Lie algebroid 
generalized tangent bundle is obtained. A new point of view over (linear) connec- 
tions theory on a fiber bundle is presented. These connections are characterized 
by o horizontal distribution of the Lie algebroid generalized tangent bundle. Some 
basic properties of these generalized connections are investigated. Special attention 
to the class of linear connections is paid. The recently studied Lie algebroids con- 
nections can be recovered as special cases within this more general framework. In 
particular, all results are similar with the classical results. Formulas of Ricci type 
and linear connections of Levi-Civita type are presented. 
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1 Introduction 

The theory of connections constitutes one of the most important chapter of differential 
geometry, which has been explored in the literature (see [2, 3, 4, 5, 10, 11, 12, 13, 14, 15, 16]) 
Connections theory has become an indispensable tool in various branches of theoretical 
and mathematical physics. 

If {E, TT, M) is a fiber bundle with paracompact base and {VTE,te, E) is the kernel 
vector bundle of the tangent B"^-morphism (Ttt, tt) , then we obtain the short exact 
sequence 

VTE TE — ^ 7r*rM — > 

(1) |te iTE i7r*rM 



where tt! is the projection of TE onto Tr*TM. 

We know that a split to the right in the previous short exact sequence, i.e. a smooth 
map h € Man {n*TM, TE) so that tt! o /i = Id-^tTM, is a connection in the Ehresmann 
sense. 

If {HTE,te, E) is the image vector bundle of the B"^-morphism {h, Ids) , then the 
tangent vector bundle {TE,te, E) is a Whitney sum between the horizontal vector 
bundle {HTE,te, E) and the vertical vector bundle {VTE,te, E) . 

Prom the above notion of connection, one can easily derive more specific types of 
connections by imposing additional conditions. In the literature one can find several 
generalizations of the concept of Ehresmann connection obtained by relaxing the con- 
ditions on the horizontal vector bundle. 



• First of all, we are thinking here of the so-called partial connections, where 
{HTE,te,E) does not determine a full complement of {VTE,te,E) . More pre- 
cisely, r [HTE,te, E) has zero intersection with T {VTE^t e, E), but (HTE, te, E) 
projects onto a vector subbundle of {TM,tm, M) . (see [7]) 

• Secondly, there also exists a notion of pseudo-connection, introduced under the 
name of quasi- connection in a paper by Y. C. Wong [16] . Linear pseudo-connections 
and generalization of it have been studied by many authors, (see [3]) 

P. Popescu build the relativ tangent space and using that he obtained a new gene- 
ralized connection on a vector bundle. [11] (see also [12]) 

In the paper [4] by R. L. Pernandez a contravariant connection in the framework 
of Poisson Geometry there are presented. Given a Poisson manifold M with tensor A 
which does not have to be of constant rank, a covariant connection on the principal 
bundle (P, tt, M) is a G-invariant bundle map h G Man (tt* {T*M) , TP) so that the 
diagram is commutative 

TT* {T*M) — ^ TP 
(2) 7r*(^TM)i ITtt 

T*M — TM 

where (ftA^-^^Af) is the natural vector bundle morphism induced by the Poisson tensor. 
In the paper [5] , R. L. Fernandez has extending this theory by replacing the cotangent 



2 



bundle of a Poisson manifold by a Lie algebroid over an arbitrary manifold and the map 
(Ia by the anchor map of the Lie algebroid. This resulted into a notion of Lie algebroid 
connection which, in particular, turns out to be appropriate for studying the geometry 
of singular distributions. 

B. Langerock and F. Cantrijn [2] proposed a general notion of connection on a fiber 
bundle {E, tt, M) , as being a smooth linear bundle map h G Man (tt* (F) , TE) so that 
the diagram is commutative 

TT* (F) — ^ TE 

(3) ; ; Ttt 

F — ^ TM 

where {F, M) is an arbitrary vector bundle and (p, /^m) is a vector bundle morphism 
of {F^u^M) source and {TM,tm,M) target. 

Different equivalent definitions of a (linear) connection on a vector bundle are known 
and there are in current usage. We know the following 

Theorem // we have a short exact sequence of vector bundles over a paracompact 
manifold M 

E' — ^ E — ^ E" — > 

(4) Itt' I tt i tt" 
^ Mm ^ ^ Mm ^ ^ 



then there exists a right split if and only if there exists a left split. 

So, a split to the left in the short exact sequence (1), i.e. a smooth map F G 
Man {TE, VTE) so that T oi = Mte, is an equivalent definition with the Ehresmann 
connection. 

We remark that the secret of the Ehresmann connection is given by the diagrams 

E (rM,[,]™) -J±^ (rM,[,]™) 

(5) Itt Itm Itm 

^ Mm ^ ^ Mm ^ ^ 

where {E, vr, M) is a fiber bundle and {{TM, tm, M) , [, ]rpj^ , {Mtm, Idu)) is the stan- 
dard Lie algebroid. 

First time, appeared the idea to change the standard Lie algebroid with an arbitrary 
Lie algebroid as in the diagrams 

E {F,[,\f) {TM,[,\t.^) 

(6) 4- TT I 1/ I TM 

^ Mm ^ ^ Mm ^ ^ 

Second time, appeared the idea to change in the previous diagrams the identities 
morphisms with arbitrary Man-isomorphisms h and as in the diagrams 



E 



{P^Uh) (rM,[,]™) {TN, 



C*") Itt iv i TM 4 Tat 

M — ^ N — ^ M — ^ 
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where 

(p, rj) G ((F, u, M) , {TM, tm, M)) 

and 

r (F, v,N)xT {F, V, N) '''''''' ) r (F, N) 

is an operation with the following properties: 
GLAi. the equality holds good 

/ • ^] Fji = f p y^ + r{Tho p,hor]) (u) f ■ V, 

for all u,v eV (F, u, N) and f ^ F (N) . 

GLA2. the A-tuple (v {F,v,N) ,+,-,[,]p^^ is a Lie F {N)- algebra, 

GLA3. the Mod-morphism T {Th o p,horj) is a liieAlg-morphism of (t (F, v, N) , +, •, [, ]pi^ 

source and (F {TN,tn, , +, •, [, ]rpj^) target. 

So, appeared the notion of generalized Lie algebroid which is presented in Definition 
2.1. Using this new notion we build the Lie algebroid generalized tangent bundle in the 
Theorem 3.1. Particularly, if {{F,v,N) ,[,]p ,{p,IdN)) is a Lie algebroid, {E,tt,M) = 
(F, v, N) and h = Idu, then we obtain a similar Lie algebroid with the the prolongation 
Lie algebroid. (see [6,8,9,10]) Using this general framework, in Section 4, we propose 
and develop a (linear) connections theory of Ehresmann type for fiber bundles in general 
and for vector bundles in particular. It covers all types of connections mentioned. In 
this general framework, we can define the covariant derivatives of sections of a fiber 
bundle (F,7r,M) with respect to sections of a generalized Lie algebroid 

((F,r.,iV),[,]^,,(/,,r/)). 

In particular, if we use the generalized Lie algebroid structure 

[l ]TM,IdM ' i^^TM, Idu)^ 

for the tangent bundle (TM, tm, M) in our theory, then the linear connections obtained 
are similar with the classical linear connections. 
It is known that in Yang-Mills theory the set 

of covariant derivatives for the vector bundle (F,7r,M) such that 

X {{u, v)p) = {Dx (u) , v)p + (u, Dx {v))p, 

for any X E X (M) and u,v eV (F, tt, M) , is very important, because the Yang-Mills 
theory is a variational theory which use (see [1] ) the Yang-Mills functional 

Dx ^ y 

^ M 

where is the curvature. 
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Using our linear connections theory, we succeed to extend the set Cov^^ ^ j^-^ of 
Yang-Mills theory, because using all generalized Lie algebroid structures for the tangent 
bundle {TM,tm,M), we obtain all possible linear connections for the vector bundle 

{E,TT,M). 

More importantly, it may bring within the reach of connection theory certain geo- 
metric structures which have not yet been considered from such a point of view. Finally, 
using our theory of linear connections, the formulas of Ricci and Bianchi type and linear 
connections of Levi-Civita type are presented. 

2 Preliminaries 

In general, if C is a category, then we denote \C\ the class of objects and for any 
A, Be \C\, we denote C {A, B) the set of morphisms of A source and B target. Let Vect, 
Liealg, Mod, Man, B and B'^ be the category of real vector spaces, Lie algebras, 
modules, manifolds, fiber bundles and vector bundles respectively. 

We know that if {E, vr, M) G |B^| , T {E, tt, M) = {u e Man {M,E) -.uot^ = Idu] 
and T (M) = Man (M, M) , then (L tt, M) \s. & F (M)-module. If ((/?, ipo) G 

B'*' {{E, TT, M) , {E', it', M')) such that ip^ G /soMan {M, M') , then, using the operation 

T{M) xr{E',Tr',M') — ^ r{E',Tr',M') 
(/, u') I — > fo ip-^ ■ u 

it results that (F {E', tt', M') , -|-, •) is a (M)-module and we obtain the Mod-morphism 

r{E,Tr,M) ) T{E',7t',M') 

defined by 

for any y G M' . 

We know that a Lie algebroid is a vector bundle (F, z^,A^) G |B'^| such that there 
exists 

(p, Mn) G B^ {{F, u, N) , (TAT, TN, N)) 

and an operation 

riF,u,N)xT{F,u,N) ^ r{F,u,N) 
{u,v) I — > [u,v]p 

with the following properties: 
LAi. the equality holds good 

[u, f ■v]p = f [u, v]p + F {p, IdN) {u) f ■ V, 
for all u,v eT{F,u,N) and / G (N) , 
LA2. the 4-tuple (F (F, N) , +, •, [, ]p) is a Lie F (iV)-algebra, 

LA3. the Mod-morphism r{p,IdN) is a LieAlg-morphism of {F (F,u,N) ,+,-,[,]p) 
source and (F {TN, tn, N) , -|-, •, [, J^jy) target. 
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Definition 2.1 Let M,N £ |Man| , h G IsoMan {M,N) and r) G /soMan {N,M). 
If (F, z/, Af) G IB'^I so that there exists 

{p, v) e ((F, u, N) , {TM, TM, M)) 

and an operation 

r {F, u,N) xT (F, z/, iV) ^ r {F, v, N) 
{u,v) ^ [u,v]F,h 

with the following properties: 

GLAi. the equahty holds good 

/ • ^]f,/i = / + ^{Tho p,hor]) (u) / • 

for all u,veT {F, u, N) and f e T (N) . 
GLA2. the 4-tuple (t (F, z^, iV) , +, •, [, is a Lie J" (iV)-algebra, 

GLA^. the Mod-morphism F (T/i o p, h o r]) is a LieAlg-morphism of (t (F, i/, A^) , +, •, [, 
source and (F {TN, tn, N) , +, •, [, ] j,^) target, then we will say that the triple 

(2.1) [{F,u,N),[,]f^^,{p,v)) 

is a generalized Lie algebroid. The couple , (p, r/)^ will be called generalized Lie 

algebroid structure. 



Let ((F,z/,iV),[,]p,^,(p,r?)) be a generalized Lie algebroid. 



• Locally, for any a,/3 G l,p, we set [ia,i^]p/j = L'^^t^. We easily obtain that 
^1/3 = -^^a> for any a,/3,7 G 

The real local functions F^^, a,/3,7 G l,p will be called the structure functions of 
the generalized Lie algebroid ^(F, i/, N) , [, , (p, ?7)^ • 

• We assume the following diagrams: 

F — ^ TM — TiV 

N — ^ M — ^ iV 
(xN^") (a^SyO ix\z') 



where i,i G l,m and a G 
If 
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and 
then 

and 



{X\z')-^{x"{x'),z"{x\z')), 



We assume that (0, \x) {Th o p,hor]). If z°'ta G T {F, u, N) is arbitrary, then 

r{Thop,hor]) {z"ta)f{hor]{x)) = 
= ih o rj (x)) = ((pL o h) {z- o h) ^) (r? (x)) , 

for any / G J" {N) and k e N. 



(2.2) 



The coefficients respectively 0^ change to p^- respectively 0^- according to the 



rule: 
(2.3) 

respectively 

(2.4) 

where 



= A V — 



I A" 1 1 



A" 



Remark 2.2 The following equalities hold good: 



(2.5) 

and 

(2.6) 



'a^)°^>V/Gj-(iV). 



d { h 



d{ploh) 



Theorem 2.1 Let M,N e |Man| , /i G /soMan (M, A^) and rj G IsoMan (A^, M) be. 
Using the tangent W -morphism (Tri,ri) and the operation 



r{TN,TN,N)xTiTN,TN,N) 
{u,v) 



r{TN,TN,N) 

[u, v]j,j^ . 



where 



[u,v]TN,h = ^ ^,{hor]) {[r{T{horj) ,horj)u,T {T (horj) ,hor])v\ 



TN) ' 
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for any u,v E F {TN,tn, N), we obtain that 

((riV,r^,iV),(T7?,r?),[,]^^,^) 

is a generalized Lie algehroid. 

For any Man-isomorphisms r] and h, new and interesting generalized Lie alge- 
broid structures for the tangent vector bundle {TN,tn,N) are obtained. For any base 
{ta, a G 1, m} of the module of sections (F {TN, tn,N) ,+,■) we obtain the structure 
functions 

where 

91^, i,a el,m 

are real local functions so that 

r{T{hon),horj) {ta) = e\^ 

and 

are real local functions so that 

T(T{hori)-\{hor^)-^) (afj) = 

In particular, using arbitrary isometries (symmetries, translations, rotations,...) for 
the Euclidean 3-dimensional space S, and arbitrary basis for the module of sections 
we obtain a lot of generalized Lie algebroid structures for the tangent vector bundle 

(rs,Ts,s). 

Let ((F, M) , [, ]j7 , (p, Mm)) be a Lie algebroid and let h G Isoman {M, M) be. Let 
AFf be a vector fibred (m + p)-atlas for the vector bundle (F, z/, M) and let ATtm be 
a vector fibred (m + m)-atlas for the vector bundle (TM, tm, M). 

If {U,^u) ^ ■AJ^TM and (y, sv) G AFf such that U n /i"^ {V) / ^, then we define 
the application 

(x, (x)) ^ (^x, ^f^^^^tx (x)) . 

Proposition 2.1 T/ie sei 

:4^TM^= U {(unh-HV),-^unh-Hv))} 

unh-'^{v)j^4> 

is a vector fibred m + m-atlas of the vector bundle {TM, tm, -^) • 
If X = X'^-£^ eV {TM, TM, M) , then we obtain the section 

X = X'oh^ Gr{TM,TM,M), 

such that X{>c) = X {h (x)) , for any >c e U Ci h~^ {V) . 

The set {^, i € T~m} is the natural base of the J" (M)-module (F {TM, tm, M) ,+,■). 
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Theorem 2.2 // we consider the operation 

r (F, z/, M) X r (F, M) ) r (f, z/, m) 

defined by 

[ta , ftp] F,h = f (^1/3 °h)tj + pioh-^^tp, 

for any f ^ T (M) , then (^{F, v, M) ,[,]pfi,ip, Idu)^ is a generalized Lie algebroid. 

This generalized Lie algebroid is called the generalized Lie algebroid associated to 
the Lie algebroid {{F^u^M) , [,]^ , {p,LdM)) and to the diffeomorphism h. 

In particular, ii h = IdM, then the generalized Lie algebroid 

((F,z.,M),[,]^,,^,(p,/dM)) 
will be called the generalized Lie algebroid associated to the Lie algebroid 

{{F,u,M),[,]F,{p,IdM)). 
Let ^(F, ly, N) ,[,]pi^, {p, 77)^ be a generalized Lie algebroid. 

Let AJ-TM be a vector fibred (m + m)-atlas for the vector bundle {TM,tm,M) 
and let {h*F,h*i',M) be the pull-back vector bundle through h. If {U,^ij) € AJ^tm 
and iy^tv) € AFf so that U fl h~^ {V) 7^ ^, then we define the application 

h*v-\ur\h-\v))) "J^l^^il^ {ur\h-\v)) xW 

Proposition 2.2 The set 

A^F=' U {{Unh-'iV),sunh-Hv))} 

unh-^{v)j^<t> 

is a vector fibred m + p-atlas for the vector bundle {h*F, h*^, M) . 
If z = z°'ta G r (F, i/, N) , then we obtain the section 

Z = {z''oh)TaeT {h*F, h*v, M) 

so that Z [x) = z{h (x)) , for any x E U H h~^ {V) . 

In addition, we obtain the inclusion B^-morphism 

h*F F 
(2.7) h*iyi if 

M — ^ M 
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(h* F \ 
p jldMj be the W -morphism of (h*F,h*i>,M) source and 

{TM,tm, M) target, where 



(2.8) 



h'F 

h*F TM 



d 



Using the operation 

r {h*F, h*v, M) X r {h*F, h*v, M) ''''^"^ ) r {h*F, h*u, M) 

defined by 



(2.9) 



df 



for any f (M) , it results that 

({h*F,h*v,M)X\*F^^7 Mm)) 

is a Lie algehroid which is called the pull-back Lie algebroid of the generalized Lie alge- 
broid ((F,z/,M),[,]^^^,(p,?7)). 

3 The Lie algebroid generalized tangent bundle 

We consider the following diagram: 

E (F,[,]j,,^,{p,ri)) 



(3.1) 



M 



■N 



where {E,Tr,M) is a fiber bundle and ^(F, z/, M) , [, , (p, ry)^ is a generalized Lie 
algebroid. 

We take (x*,y") as canonical local coordinates on {E,Tr,M) , where i G l,m and 
a G l,r. Let 

(^*,ya) ^ (x^'(^%/(^^y")) 

be a change of coordinates on (E, tt, M). Then the coordinates change to according 
to the rule: 



(3.2) 



In particular, if {E,7r,M) is vector bundle, then the coordinates change to 
according to the rule: 



(3.2') 
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Let 

be the pull-back Lie algebroid of the Lie algebroid 

{h*F,h*u,M),[,]f^,^,(^'''p",IdM) . 

If z = z'^to. G r (F, V, M) , then, using the vector fibred (m + r) +p-atlas AF^*(/j*^), 
we obtain the section 

Z = {z'^ ohoTr)f^er (tt* {h*F) , TT* {h*v) , E) 

so that Z {ux) = z{h{x)) , for any Ux G tt" 
For any sections 

and 



we obtain the section 



^''9^^'^iVTE,rE,E) 



d 



d 



= Z-f^ © (^Z- {pi -hon)-^^+Y^^^eT(jr* {h*F) © TE, I e) . 



Since we have 



~ d d 

Q^a Qya 
t 

d 



d 



Z-T^ = AZ<^{pioho^) — +Y-— = 0, 

it implies = 0, a e l,p and = 0, a G 1, r. 

d d d d 
Therefore, the sections -^tzt, tt:^, ttttti are linearly independent. 

dz^ ' ' dzP' dy^ By"- ^ f 

We consider the vector subbundle {{p,'q)TE,{p,r])TE,E) of the vector bundle 
(n* {h*F) © TE, TT, E^ , for which the T (£^)-module of sections is the J" (£;)-submodule 

of {t [t^* {h*F) © TE, ®, , +, , generated by the set of sections 



The base sections 
(3.4) 



d 9 \ put , r. 



dz"' dy"- 



will be called the natural {p,r])-base. 

The matrix of coordinate transformation on {{p,r])TE, {p,r])TE,E) at a change of 
fibred charts is 



(3.5) 



A° o /i o vr 







. ■ ^ dy"' dy"' 

^ " ' dx^ dy"- 
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In particular, if {E, tt, M) is a vector bundle, then the matrix of coordinate trans- 
formation on ((p, T]) TE, (p, rj) te, E) at a change of fibred charts is 



(3.6) 



A" O /l O TT 







Easily we obtain 

Theorem 3.1 Let {p,IdE) be the W -morphism of {{p,r])TE, {p,r]) te, E) source 
and {TE,te,E) target, where 



ip,v)TE^TE 



(3.7) 



Using the operation 



T{ip,7j)TE, {p,r^)TE,Ey 



Kp,v)te 



defined by 



(3.8) 



d 



d 



■K*{h*F) 



riip,r^)TE,ip,r^) te,E) 



{p^^ohon)Z^£.+Y,' 



— + y^— 

dx^ ^ dy'' 



TE 



dy' 



d 



d 



for any | Zf^z^ + Yi^:^ j and y Z2 + Y2 j , we obtain that the couple 



(['](p,^)TE'(P' I^e)) 



is a Lie algebroid structure for the vector bundle {{p, rj) TE, (p, rj) te, E) . 
Remark 3.2 In particular, iih = IdM and [,\tm '^^ usual Lie bracket, it results that 
the Lie algebroid 

({{IdTM, Idu) TE, {IdTM, Idu) Te,E), [,](idj.j^,IdM)TE ' (jdTM, IdE^ ^ 
is isomorphic with the usual Lie algebroid 

{{TE,TE,E) ,[,]rj.^,{IdTE,LdE)) . 

This is a reason for which the Lie algebroid 

, ??) TE, {p, T]) TE,E), [,\p^r,)TE ' (P' ^^e)^ , 

will be called the Lie algebroid generalized tangent bundle. 

The vector bundle {{p, rj) TE, (p, rj) te, E) will be called the generalized tangent bun- 
dle. 
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3.1 The generalized tangent bundle of dual vector bundle 

Let {E,TT,M) be a vector bundle. We build the generalized tangent bundle of dual 
vector bundle \ E,7r,M] using the diagram: 



(3.1.1) 



M > N 



where 1^, N) ,[,]pfi, (p, is a gcncraUzed Lie algebroid. 

We take [x^,pa) as canonical local coordinates on ^E,n,M^ , where i E l,m and 

a G l,r. 
Consider 



a change of coordinates on ^E, it, M j . Then the coordinates Pa change to Pa- according 
to the rule: 

(3.1.2) Pa = M^.pa. 

Let 



(_d a_ 

\dx^' dpa 



be the natural base for the sections Lie algebra T TE,t* ,E \ ,+,-,[,] 
For any sections 

Z^Ta G r ^7^-* {h*F) , n {h*u) , E 

and 

we construct the section 



Ya7i:eT(vTE,T,^,Ey 



*\ d \ ^/ d 



dx^J \ T ih*F) dpa 



= Z'T^ ® (z" (pj, o h o i) A + y„^) e r I J' (ft'F) ffiTE,;,!; j . 



Since we have 

^'^TTZ 1" Yr,——— = t * 

dz"' dpa i (h*F)(BTE 

t 

" TT (h'F) V^°^ J dx^ dpa TE' 

it implies Z'^ = 0, a € l,p and Ya = 0, a € 1, r. 



13 



Therefore, the sections 



d d d d 
dz^ ' ' ' dzP' dpi ' "' dpr 



are hnearly independent. 

We consider the vector subbundle 



{p,ri)TE,{p,rj)T^,E 



of vector bundle 



* r * 



TT {h*F)®TE,Tr,E , 



for which the [ E ] -module of sections is the \ E \ -submodule of 



r TT {h*F)®TE,7r,E ,+, 



f d d 

generated by the family of sections — — , 7: — 

\ OZ°' OPa 

The base sections 



(3.1.3) 



will be called the natural {p,r])-base. 

The matrix of coordinate transformation on ^(p, rj) TE, {p, ri)T*^,E] at a change of 
fibred charts is 



(3.1.4) 



A" O /t O TT 



dxi 







We consider the operation [, ] * defined by 

(p,Ti)TE 



(3.1.5) 



^1 J-a, ^2 -'-I. 



IT (h*F) 



+ Y2b 



d 

dpb 



ip,ri)TE* 

d .d~ 



d d \ / d d 

for any sections ( Zf — + j and ( + Y^i,^ ] . 



d ^ d 



TE 
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Let ^,Id*^j be the B"^-morphism of ^ 77) TE', {p,ri)T*^,E j source and yTE,T*^,E 
target, where 



{p.ri)TE^TE 



The Lie algebroid generalized tangent bundle of the dual vector bundle ( E,tt,M 
will be denoted 



4 (Linear) (p, Tyj-connections 

We consider the diagram: 



M 



■N 



where {E, tt, M) € |B| and ^(F, v, N) {p, r])^ is a generalized Lie algebroid. 



Let 



, V) TE, (p, ri) TE,E), [, ](p,^)TE , (P, Ids)) 



be the Lie algebroid generalized tangent bundle of the fiber bundle (£^,7r,M). 

We consider the B^-morphism ((p, 77) tt!, /dg) given by the commutative diagram 



{p,rj)TE''-^n* {h*F) 



(4.1) 



{p,ri)TE 



E- 



ids 



pri 



-^E 



This is defined as: 



(4.2) 



(p, ry) vr! ( ( J, + ) (u,) ) = ( Z"T^ ) (n,) , 



d 



d 



fo-^any ^Z^— + Y'^— j eV {{p,n)TE,{p,r,)rE,E) . 

Using the B"^-morphism ((p,r]) tt\, IcIe) , and the the B"^-morphism (2.7) we obtain 
the tangent {p^rj)- application ((p, 77) Ttt, /i o tt) of {{p,r])TE, {p,r]) te, E) source and 
{F, V, N) target. 

Definition 4.1 The kernel of the tangent (p, 77)-application is writen 

{V{p,rj)TE, ip,v)rE,E) 
and it is called the vertical subbundle. 
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r d 1 

We remark that the set < — — , a G l,r > is a base of the (£^)-module 

{T{V{p,v)TE,{p,rj)TE,E),+,-). 



Proposition 4.1 The short sequence of vector bundles 



-4 V{p, ri)TE^^ {p, ri)TE ^ tt* {h*F) ^ 



(4.3) 



is exact. 



E- 



Ids 



E- 



IdE 



■E- 



IdE 



E- 



Ids 



E 



Definition 4.2 A Man-morphism {p,r))r of {p,r])TE source and V {p,r))TE target 
defined by 

(4.4) (p, ,7) r (Z" + Y-^) (u,) = (y- + {p, n) ^ (n,) , 

so that the B"^-morphism {{p,r])T,IdE) is a split to the left in the previous exact 
sequence, will be called {p,r]) -connection for the fiber bundle {E,tt,AI). 

The {p, I^M )-connection will be called p-connection and will be denoted pF and the 
(/dTM) -ft^M)-connection will be called connection and will be denoted F. 

Definition 4.3 If {p,ri)T is a (p, //)-conncction for the fiber bundle (E,tt.M). then 
the kernel of the B"^-morphism {{p,r])T, IdE) is written (H (p,ri)TE, (p,ri) te, E) and 
will be called the horizontal vector subbundle. 

Definition 4.4 If {E,7r,M) € |B|, then the B-morphism (11, vr) defined by the 
commutative diagram 



(4.5) 



V{p,v)TE- 

ip,n)rE 



E 



E- 



M 



so that the components of the image of the vector Y""]^ (ux) are the real numbers 
Y^ (ux) , (ux) will be called the canonical projection B-morphism. 

In particular, if {E,Tr,M) £ |B"^| and {sa,a G l,r} is a base of the .F(M)-module 
of sections (F {E, tt, M) ,+,•), then 11 is defined by 

(4.6) n (y»J^ (ux)) = y« {ux) sa (x) . 



Theorem 4.1 // {p,rj)T is a {p,ri) -connection for the fiber bundle {E,Tr,M), then its 
components satisfy the law of transformation 



(4.7) 



By" 



If {Pi 'n)T is a (p, Tj)- connection for the vector bundle {E, tt, M) , then its components 
satisfy the law of transformation 



(4.7') 



(p, rj) r^:=M>7rUo (hoTT) ^-^y'+ (p, v)T'i\A:^o {Hon) . 
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// pT is a p- connection for the vector bundle {E,tt,M) and h = IdM, then relations 
(4.7') become 



O TT- 



dx'' 



AXOTT. 



(4.7") pr^.= M^o7T 

In particular, if p = Mtm, then the relations (4.7") become 
(4-7"') n- =^on[^(^on) yf + Tl] ^. o n. 



Proof. Let (11, vr) be the canonical projection B-morphism. 
Obviously, the components of 



are the real numbers 
Since 



no(p,^)r(z"-J, + y»^) ( 
(YU{p,v)r^-z^'){u,). 



Z"^^. + y^-^ (U^) = ^"'A^-O h O TT^ (U^) 



it results that the components of 

no(p,r/)r(z"'J,. + F«J^) (n,) 

are the real numbers 



(ZX- oho7r^ + |;y« + (p, ^) r» Z"A^. oho7r)iu,)^, 



where 













92/" 



Therefore, we have: 



^X' °ho7r^ + + (p, ry) r^Z^'A^- o o vr 



9yf 
92/" 



y'^'+(p,r?)r^z«'. 



After some calculations we obtain: 

(P' V) r»- = (pi o{hon)^ + {p,v)r-)A--ohon. q.e.d. 

Remark 4-1 If F is a Ehresmann connection for the vector bundle {E, tt, M) on com- 
ponents r^, then the differentiable real local functions {p, Vj) = (p^ o /i o tt) arc the 
components of a (p, r/)-connection (p, ry) F for the vector bundle {E, vr, M) . This (p, r/)- 
connection will be called the {p,r]) -connection associated to the Eresmann connection 
F. 

Definition 4.5 If (p, r/) F is a (p, ?7)-connection for the vector bundle {E, vr, M) and 
z = z'^ta G F (F, I/, M) , then the apphcation 

F(£;,vr,M) ^J^f^ r{E,TT,M) 



U = U Sn 



(p, r?) L>^M 
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where 
(4.8) 



(p, r/) D,u = z''oh{pioh^ + {p, v) r« o u) Sa 



will be called the covariant {p,r]) -derivative associated to {p,ri)- connection {p,r])T with 
respect to the section z. 

Definition 4.6 Let (p, ry) F be a (p, 77)-connection for the fiber bundle {E, tt, M) . If for 

each local vector (m + r)-chart {U,su) and for each local vector (ra + p)-chart {V,tv) 
so that U n h^^ {V) / (f), it exists the differentiable real functions (p, r/) F^^ defined on 
U n h-^ (V) such that 



(4.9) 



{p, v)^ou = {p, v) F^ • u\ Vn = uhb e F {E, tt, M) , 



then we say that (p, 77) F is linear. 

The differentiable real local functions (p, 77) F^^ will be called the Christoffel coeffi- 
cients of linear {p,r])- connection {p,r])r. 

Proposition 4.2 // (p, r])T is a linear (p, rj)- connection for the fiber bundle {E, tt, M) , 
then its components satisfy the law of transformation 



(4.10) 



If {p,r])T is a linear {p,rj) -connection for the vector bundle (£^,7r,M), then its 
components satisfy the law of transformation 



(4.10') 



(p,r?)F«^-M« p^oh^+{p,r,)Tt^Ml 



If pF is a p-connection for the vector bundle {E,7t,M) and h = IdM, then the 
relations (4.10') become 



(4.10") pF«^. = M« [p^^ + pF^M,^ 

In particular, if p = Idru, then the relations (4.10") become 



(4.10'") 



d 



( dx*\ 



1 -pi dx^ 



dx^ 
dx^' 



Remark 4-2 If {p^ff)^ is a linear (p, 77)-connection for the vector bundle {E,7t,M), 
then, for any 

z = z''t^eT{F,iy,M), 

we obtain the covariant (p, r]) -derivative associated to the linear (p, rj)- connection (p, rj) F 
with respect to the section z 

r{E,TT,M)''-^^^r{E,TT,M) 

u=u°-Sa I — > {p,ri)DzU 

defined by 

(4.11) (p, r^)D,u=z''oh {pi^oh^+{p, r?)F»^ ■ u^) 
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4.1 (Lineeir) (p, 77)-connections for dual vector bundle 

Let {E, TT, M) be a vector bundle. 

We consider the following diagram: 

M ^ N 

where (^{FjU, N) ,[,]p , [p, r])j is a generalized Lie algebroid. 
Let 



(p, rj) TE, {p, n) r^, E^ , [A^^^^^^l, , [P, 

be the Lie algebroid generalized tangent bundle of the vector bundle ^E, vr, M j . 
We consider the B^-morphism (j^p,ri) Tr\, Id ^ given by the commutative diagram 

{P,V)TE -TT {h*F) 



(4-1-2) (p,r,)r. 

E 



pri 



id* 

* E * 

E ^E 



Using the components, this is defined as: 

(4.L3) (p, v) ^! J. + Ya^) (n.) = (Z-T.) (n,) , 

for any Z« A + G ((p, ry) T^, (p, r?) r^, . 

Using the B"^-morphism (^{p,r]) nl, Id^ and the B^-morphism (2.7) we obtain 

the tangent {p^rf)- application (^{p,ri)Tn,h o of ^{p,ri)TE,{p,'r]) t E^ source and 
(F, v, N) target. 

Definition 4.1.1 The kernel of the tangent (p, r/)-application 

(^{p,ri)Tn,hon^ 



is written as 



V{p,ri)TE,ip,ri)T^,E 



and will be called the vertical subbundle 

_d_ 



The set <j a G l,rl is a base for the T [ E ) -module 



T{Vip,v)TE,ip,rj)T^,E],+, 
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Proposition 4.1.1 The short sequence of vector bundles 
0^ 



(4.1.4) 



is exact. 



V{p,r])TE^ ^{p,7])TE ^tt {h*F) 



Id* 



E' 



Id* 

E 



Id* 



■^E 



Id* 

E 



-^E 



Definition 4.1.2 A Man-morphism (p, rj) T of (p, rj) TE source and V (p, rj) TE target 
defined by 

(4.1.5) (p,^)r + ^4) = (y^ - {p,^)hazA 4 , 



such that the B"^-morphism ^(p, ry) F, Id*^j is a split to the left in the previous exact 
sequence, will be called {p,rj)- connection for the dual vector bundle ^E,^,M^. 

The differentiable real local functions {p, rj) will be called the components of 

* 

{p,ri) -connection {p,r])r. 

The {p, /(iM)-connection for the dual vector bundle i E,7t,M \ will be called p- 



connection for the dual vector bundle ^E,Tr,M j and will be denoted pF. 

The (IdTM ; -^c?M)-connection for the dual vector bundle i E,7r,M\ will be called 



connection for the dual vector bundle ^E, tt, M j and will be denoted F. 
Let {s", a G l,r} be the dual base of the base {sa,a G l,r} . 
The B"*'-morphism ( H, tt ) defined by the commutative diagram 



(4.1.6) 



* IT 

V (p, f]) TE 



E 



E' 



where, FT is defined by 

(4.1.7) n J- (u,)) = Ya (u,) s« (n,)) , 
is canonical projection B^-morphism. 

Theorem 4.1.1 // {p,r])T is a {p,r]) -connection for the vector bundle ( £?,7r, M ) , 
then its components satisfy the law of transformation 

(4.1.8) (p,r?)r6Y=M,W 



-Pl^ Oho-K ■ >>. + (p, 77) Tb-y 
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In particular, if h = Idu, then the relations (4.1.8) become 
(4.1.8') (p,r?)f,^-=M^.o7^ 



AloTT. 



In particular, if {p,rj) = {IdTM,IdM), then the relations (4.1.8') become 



(4.1.8") 



jk 



dx'' * 



Proof. Let ^11, tt j be the canonical projection B-morphism. 
Obviously, the components of 



n*o(p,^)f (z"J^ + y,4) (i,) 



are the real numbers 



Since 



dz°'' dp, 



_d_ 



it results that the components of 

are the real numbers 

o o + M^' o - (p, ,7) f A^, o /i o M,^ o ^ (n,) 

\\MtT\ 



where ||M^| 



Therefore, we have: 



OTT 



o h o TT—^Pa + o Tryf,' - (p, 77) TbaZ^A^- ohoTrjM^-oTT 

= Yi,-{p,n)haZ'''- 

After some calculations we obtain: 

(P, rj) Tb-a- =Mlon( -p^ ohon- ^^^Pd + (p, ??) ) A°- o /i o q.e.d 



Remark 4- 1-1 If we have a set of real local functions {p,r])Th^ which satisfies the 
relations of passing (4.1.8) , then we have a {p, 77)-connection {p, 77) F for the fiber bundle 

(e,^,m] . 
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Example 4.1.1 If F is a Ehresmann connection for the vector bundle { E,Tr,M ] on 
components r(,fc, then the differentiable real local functions 

{p, rj) Tby ={p^^ohon^ Vi,k 

are the components of a (p, ry) -connection (p, rj) V for the vector bundle tt, M ) which 

* 

will be called the {p,r]) -connection associated to the Ehresmann connection T. 



Definition 4.1.3 If (p, 77) F is a (p, ry) -connection for the vector bundle [ E,Tr,M ] , then 
for any 

z = z'^ta G r (F, V, N) 

the application 



u = Uas" I — > (p, r?) D^u 

defined by 

(4.1.9) (p, r?) D,u = z^oh(^pioh^- (p, ri) ha o s\ 

will be called the covariant {p,r])-derivative associated to {p,r]) -connection {p,r])r with 
respect to section z. 

If /t = IdM and rj = IdM, then we obtain the covariant p-derivative associated to 
* 

p- connection pT with respect to section z. 

In addition, if p = IdxM, then we obtain the covariant derivative associated to 
* 

connection T with respect to the vector field z. 

Definition 4.1.4 Wc will say that the {p,ri)- connection {p,ri)r is homogeneous or 
linear if the local real functions (p, 77) Tfyy are homogeneous or linear on the fibre of 
vector bundle ( E,n,M] respectively. 



Remark 4.1.2 If (p, 77) F is a linear (p, 77)-connection for the vector bundle ( tt, M ) , 



then for each local vector (m + r)-chart yU, sjjj and for each local vector {n + p)-chart 

{V,tv) such that U n h~^ {V) ^ (p, there exists the differentiable real functions pF^ 
defined on U Ci h^^ {V) such that 

(4-1-10) {p,v)T^ou={p,n)Tl^-Ua, 

for any u = Uas"" € F ^E, tt, M 

The differentiable real local functions (p, 77) F^^ will be called the Christoffel coeffi- 
cients of linear {p,r]) -connection {p,r])T. 
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Theorem 4.1.2 // (p, ri)T is a linear {p, rf)- connection for the vector bundle yE, tt, M j , 
then its components satisfy the law of transformation 

(4.1.11) ip, rj) T-^. = M^. [-pl^ o h^-^ + {p, 77) r«^M-'] A}o h. 

In particular, if {p,r]) = {IdxM, IdM) and h = IdM, then the relations (4.1.11) become 

(A -1 1 1 / \ "pi' dx^ _ d I dx^ I _i_ T* dx^ 

Remark 4.1.3 Since 



dx''^ 



dx^ ^^^b' + ^^^^h - 

it results that the relations (4.1.11) are equivalent with the relations (4.10'). 



Definition 4.1.5 If (p, 77) F is a linear (p, ry) -connection for the vector bundle [ E,Tr,M ], 
then for any 

z = z'^ta e r {F, u, N) 



the application 



u=Uas"- I — )■ {p,r])DzU 

defined by 

(4.1.12) (p, n)D,u=z-oh (pj^o/i^-(p, n)ri^ ■ ua) s' 

will be called the covariant (p, rj)- derivative associated to linear (p, ri)- connection (p, ry) T 
with respect to section z. 

If h = Mm and r] = Mm, then wc obtain the covariant p-derivative associated to 
linear p-connection pT with respect to section z. 

In addition, if p = IdxM, then we obtain the covariant derivative associated to linear 
connection T with respect to vector field z. 

In the next we use the same notation (p, 77) F for the linear (p, 77)-connection for the 

vector bundle {E,it,M) or for its dual tt, 

Remark 4.1.4 If (p, 77) F is a linear (p, 7/)-connection for the vector bundle {E, tt, M) 
or for its dual ( tt, M ] then, the tensor fields algebra 



(r(£;,7r,M), +,-,(») 

is endowed with the (p, 77)-derivative 

F(F,zy,iV) xr(^,7r,M) r{E,TT,M) 
{z,T) ^ {p,rj)D,T 
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defined for a tensor field T e Tq {E, tt, M) by the relation: 

iP,V) DzT (ui, ...,Up,Ui, ...,Uq^ =r{p,r]) (z) (t (ui, ...,Up,Ui, ...,Uq^^ 

(4.1.13) -T (j^p,r])DzUi,...,Up,ui,...,Ug^ - ... - T (ui, {p,r]) DzUp,ui, ...,Uq 

ui, ...,Up, {p,ri) D^ui, ...,Uqj - ... -T [ui,...,Up,ui,...,{p,r]) D^Uqj . 
Moreover, it satisfies the condition 

(4.1.14) (p, rj) Df,,,+f,,,T = h (P, D,,T + h (p, ij) D,,T. 

Consequently, if the tensor algebra {T{E,7r,M) ,+, -,(8)) is endowed with a {p,r])- 
derivative defined for a tensor field T G {E,7r, M) by (4.1.13) which satisfies the 
condition (4.1.14) , then we can endowed (E, tt, M) with a linear (p, r7)-connection (p, rf) T 
such that its components are defined by the equality: 

{P,V)Dt^Sb = (p,?7) ^a^a 

or 

(p,7?) Dt^s'^ = -(p,7])^^sK 

The (p, ?7)-derivative defined by (4.1.13) will be called the covariant (p, rj) -derivative. 
After some calculations, we obtain: 

(p, r]) D, {T^l^S^Sa, ® ... ^ Sa, ® s''! ® ... ® s''^) 

Pa°h^^ + ip,r^mx;Z':C 

(4 1 + (P, V) r- r-;";,;^ + ... + (p, r?) r^.T-;-;'^ - ... 



- (p, r?) r^^,r;/,2:.'rj sa, «) ... ^ ® ... ® S"" 

^= o hT^l'---^^^^Sa^ ® ... ® ® s^i ® ... ® s^. 

If (p, r/) r is the linear (p, ry) -connection associated to the Ehresmann linear connec- 
tion r, namely (p, r/) T^^ = (p^ o h) T"^, then 

(4.1.16) C::;Si^ = (^'°^)C::;Si^- 

In particular, if /i = /^Mj then we obtain the formula: 

(p,r7) (T^^\::X''Sa, ... ® Sap ® s''! ... s^) 
j bi,...,bq , ■. rpa,a2...,ap 

(4.1.17) + ^) r^^7^6?;!;.r + ••• + (/'' ^) ra^iT-;-;'^ - ... 



- (n n\ V'' rj,ai,a2...,ap _ / \ p6 r^ai ,a2 . . . ,ap 

^= ® ... s^^ ® ... ® s^. 
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5 Torsion and curvature. Formulas of Ricci and Bianchi 
type 

We apply our theory for the diagram: 

E (F,[,]pf^,{p,IdN)) 

(5.1) 

M 

where {E, vr, M) G |B^| and {{F, u, N) , [, ]p^i^ , (p, /djv)) G |GLA| . 

Let pT be a hnear p-connection for the vector bundle {E, vr, M) by components pF^^. 

Using the components of the linear p-connection pT, then we obtain a linear p- 
connection pF for the vector bundle {E, tt, M) given by the diagram: 

(5.2) 7ri 

M M 

If {E,iT,M) = (Fji/jN) , then, using the components of the linear p-connection pT, 
we can consider a linear p-connection pF for the vector bundle {h*E, h*Tr, M) given by 
the diagram: 

h*E (h*EX]f^,j,,{^'p^,IdM)) 

(5.3) h*TT ; ; /i*7r 

M ^ M 

Definition 5.1 If {E,Tr,M) = (F, z/, AT), then the application 

T{h*E,h*7r,Mf -^^^ r{h*E,h*Tr,M) 
{U,V) pT{U,V) 

defined by: 

(5.4) (p, h) T ([/, V) = pDuV - pDvU - [U, F]^.^ , 

for any U,V E T (h*E,h*Tr, M) , will be called {p,h) -torsion associated to linear p- 
connection pF. 



Remark 5.1 In particular, if /i = IdM, then we obtain the application 

T{E,7r,Mf r{E,TT,M) 
{u,v) — > pT(u,v) 



defined by: 

(5.4') pT {u,v) = pDuV - pDyU- [u,v]^ , 



25 



for any u,v [E, tt, M) , which will be called p-torsion associated to linear p-connection 
pT. 

Moreover, if p = Mtm, then we obtain the torsion T associated to the linear con- 
nection r. 

Proposition 5.1 The {p, h)-torsion {p,h)T associated to the linear p-connection pF 
is ^.-bilinear and antisymmetric. 
If 

{p,h)T{Sa,Sb)''={p,h)T',,Sc 

then 

(5.5) {p,h)T'^^, = pFl,-pFl^-L^^,oh. 

In particular, if h = IdM and pT [sa, sj,) ^= pT^^Sc, then 
(5-5') pT\, = pFl, - pFl^ - LI,. 

Moreover, if p = IdxM, then the equality (5.5') becomes: 
(5-5") TV, = rj, - Fi-. 

Definition 5.2 The application 

{F{h*F,h*v,Mf xF{E,iT,M) F{E,tt,M) 
{{Z,V),u) pR(Z,y)n 

defined by 

(5.6) (p, h) R {Z, V)u = pbz {pDvu) - pDy (pDzuj - pbyz,v]^^^u, 

for any Z,V e F {h* F, h* v , M) and u G F{E,Tr,M), will be called {p,h) -curvature 
associated to the linear p-connection pF. 

Remark 5.1 In particular, \ih = IdM, then we obtain the application 

r (F, z/, Mf xF{E, TT, M) ^ F{E, vr, M) 
{{z,v),u) — > pR{z,v)u 

defined by 

(5.6') pR {z, v)u = pD^ (pD^u) - pD^ (pD^u) - pD^^^^^^u, 

for any z,v &F (F, v, M) and « G F {E, tt, M) , which will be called p-curvature associ- 
ated to the linear p-connection pF. 

Moreover, if p = IdxM, then we obtain the curvature R associated to the linear 
connection F. 

Proposition 5.2 The {p, h)-curvature (p, /i) R associated to the linear p-connection 
pF, is ^.-linear in each argument and antisymmetric in the first two arguments. 
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If 

then 



(p, h) M (T^, T,) (p, h) n ^f^Sa, 



(5-7) -pT-^pri^ + pT-^Ll^oh. 

In particular, if h = Idu and pR {tp, to) sj, ^ pM^ a/3*«' then 

(5.7') pRl „^ = + pTlppTl^ - p'^'-g^ - pTt^pTlp + pTl^L 

Moreover, if p = IdxM, then equality (5.7') becomes: 

(K ma _ bh I -pa "pe bfc pa pe 

Theorem 5.1 For any u"'Sa € r(E,7r,M) we shall use the notation 
and we verify the formulas: 

(5-9) u^l^^ - „ = {p, h) - u%Ll^ o h. 

After some calculations, we obtain 
(5.10) (P, h) = ua («7,^ - ^7^^ + u'^l^Ll^ o /, 

w/tere Uas"- G F tt, suc/t i/tai UaU^ = 5\. 

In particular, if h = IdM, then the relations (5.10) become 

(5-100 pKap = («%^ - u^l^^ + L^:^) . 

Moreover, if p = idxM, then the relations (5.10') become 



Proof. Since 



(9 / (97/"i 



ax^ ax* ox^ \ ax* / 
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and 



it results that 



„.ai _ ai - ^ n* o/) ^ 



+ \^fPp o hp'^ o h^-^ - p>p o hp\ o h 



Ol 



+ 

+ pVllpVl^u^ - pVZpT%u\ 
After some calculations, we obtain: 



Since 



and 



+ pTllpT^^u- - pTZpKpu\ 
-pK'apTl^-pKl^Lj^oh). 
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it results that 



q.e.d. 



Lemma 5.1 // {E,Tr,M) = {F,v,N), then, for any u°-Sa € T {E,tt,M) , we have that 
tx"^, a, c G l,n are the components of a tensor field of (1, 1) type. 

Proof. Let U and U' be two vector local (m + n)-charts such that U HU' ^ (f). 
Since n"' (x) = (x) (x) , for any x G ?7 fl it results that 

p^: o M^) ^ = Pc'' ° M^) ^ (x)) u« (x) + Mi (x) p,^' o M^) (1) 
Since , for any x & U fMJ' , we have 

pr-;,(x) = M-'(x) (p,^ o /i(x)^(M,'5(x)) + pr-^(x)M,^,(x)) M-,{x), (2) 

and 

= ^ (m»' (x) (x)) = ^ (m«' (x)) M« (x) + Mi (x) ^ (M- (x)) (3) 
it results that 

pr?,;, (x) n^' (x) = -p'i, oh{x)^ [Mi (x)) (x) 
+ M«' (x)pr^,(x)^z^x)M^,(x). 
Summing the equalities (1) and (4), it results the conclusion of lemma. q.e.d. 
Theorem 5.2 // (E,7r,M) = {F,u,N), then, for any 

u''saeT{E,Tr,M), 

we shall use the notation 

(5.11) ^1\, = ^'1,-pK,^'% 
and we verify the formulas of Ricci type 

(5.12) - 1„ + (p, h) n,n7, = u'^ (p, h) R-„, - L^, o 

In particular, if h = IdM, then the relations (5.12) become 
(5.12') - + pn,^7, = u'^pRl\, - u^Ll, 
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Moreover, if p = idxM, then the relations (5.12') become 

h 

k ij 

Theorem 5.3 For any Uas"- eT ( E,tt,M ] we shall use the notation 



(5.12") u\^.-u),^. + T%u\ = u'^^'^ 



(5-13) «6i|a/3 = o h-£j {Ubi\a) - P^bil3'^b\a 

and we verify the formulas: 

(5.14) «6i|a/3 - ""bil/Sa = -Ub (p, h) Rl^ - Ub^\^Ll^ o h 
After some calculations, we obtain 

(5.15) (p, h) = (-«6i|a/3 + ■"6i|/3a " ""bib^I/S ° ^) ' 

where u^-Sa G F (£?, tt, M) swc/t i/iai ■Uau'' = S^. 

In particular, if h = IdM, then the relations (5.15) become 

(5-15') a/3 = (-^bi|a/3 + ^6i|/3a " "bib^a/?) ' 

Moreover, if p = idxM then the relations (5.15') become 
(5.15") Rl,^ = u'{-Ub,\ij+Ub,\ji). 

Proof. Since 



and 



Ub,\ap = p'poh (^-^ o - pV\^^Ub^ 

-Pa°hpTl^^^ + pTl^pTt^Ua 

Ub,\)3a = pioh (^p)^ o - pTlf^Ub^ j 

i u^P^bifi i . -rb 9'^b 
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it results that 



V dx^ 



+ P'p ° ''P^ha-Qj - P'a ° ^P^brCQ^ 

+ PaOhpTl^^-piohpTt^^^ 



+ prl^prt^ua-prl^^prtpua. 

After some calculations, we obtain: 

+ I Pa O h-g^Ub - p'f^O h-g^Ub I 



Since 



+Pn,^Pna^a-prl^prtfsUa. 



and 



Ub (p, h) Mfe^„^ = Ub yp'p o h + pT^fjpTl^^ 

«6i|T^Z/3 oh=(^p^^o - pVl^Ub^ Lip o h 



it results that 

-Ub {p, h) ^b^^^p - Ub^l-yLlp oh = -Lip o hp^ o 



+ pTl^ppT^baUa - pTl^aP^tpUa. 



q. e. d. 



Lemma 5.2 // {E,7r,M) = {F,v,N), then, for any 

ubs^ e r (^E, , 

we have that Ub |c, b,cE l,n are the components of a tensor field of (0,2) type. 
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Proof. Let U and U' be two vector local (m + n)-charts such that U r\U' ^ <j). 
Since {x) = M^, [x) Uh {x) , for any x & U H U', it results that 

Pc' o h (x) = oh{x)^ (a4 (x)) (x) 

+M^,ix)p^,oh{x)^-^. 



Since, for any x E U DU', we have 

(2) 



pr?,;, (x) = M«' (x) ( p,^o (x) A (^)) 



+pr^,(x)M,^,(x))M,^,(x), 



and 



(3) 



=^(m,"'(x)M,^(x 

= ^ (m«' (x)) M,-, (x) + MS' (x) ^ (M,^ (x)) 



it results that 

P^b'c' (x) Ua' (X) = -pi, oh{x)-^ [mI, (x)) U6 (x) 

^Ml{x)pVl,{x)ua{x)Ml,{x). 
Summing the equalities (1) and (4), it results the conclusion of lemma. q.t.d. 
Theorem 5.4 // {E,t^,M) = {F,v,N), then, for any 

ubs'' e r (^E, ^, , 

we shall use the notation 

(5-16) Mfei \a\b = Uhl \ab - P^ib'^bi \d 

and we verify the formulas of Ricci type 

(5.17) - ma + (p, h) T'^afeUb^ \d = -Ud {p, h) M^^ - u^^ idLi,, o h 

In particular, if h = Mm, then the relations (5.17) become 

(5.17') Ufo^ \a\b - -"bi \b\a + P^'^ab'^bi \d = -UdP^ti ab " M^ab" 

Moreover, if p = idTM then the relations (5.17') become 
(5-17") Uj^ - uj^ |,|, + T%uj^ \h = Uh^i ij- 

Theorem 5.5 For any tensor field 

^ - ^ ^ ® - ® > 
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we verify the equality: 

rpai,...,ap ^ rpai,---,ap rpO,a2,---,ap / TDi<^i i 

(5.18) {p. h) K\p - t^m:X ^) K - 

In particular J if h = IdM, then the relations (5.18) become 

-^bi,...,bg\a^ -^bi,...MPa~ -^bi,...,bg P'^aap^- 
bi,...,b, P^a aP ~ ^6,62,...,b,P^bi a/3 " - 



(5.180 +t;t;::;j,7-^ - t, 

^bu-.^bg-ibP'^bg a/3 -'6i,...,6,|7^a/3 



Theorem 5.6 // {E,7r,M) = {F,u,N), then we obtain the following formulas of Ricci 
type: 

rp(ll,...,(lp /y^al,...,ap / iTpd rTiO,lf--}0,p 

^bl,...,bq \b\c ^bl,...,bq\c\b ^ bc-^bl,...,bg\d 

(5.19) = ^) Kbc + - + t::::::S"" ^) <v 

/n particular, if h = IdM, then the relations (5.21) become 

^bi,...,bq \b\c~ ■^bY,...,bq\c\b^ P^ bc^bi,...,bq\d 

(5.190 = + ... + T-:;-«--p<v 

rpai,...,ap -rmb rpO,\,...,ap mb rpO-i , ■ ■ ■ ,o-p jd 

^b,b2,-AP bl be ••• -^bu...,bq-lbP'^bq be ^bl,...,bq\d^bc- 

We observe that if the structure functions of generahzed Lie algebroid 

({F,v,M),[,]p,^,{p,IdM)), 

the (p, /i)-torsion associated to Hnear /o-connection pT and the (p, /i)-curvature associa- 
ted to hnear p-connection pT are nuU, then we have the equahty: 

\P-^^) ^6i,...,b,|6|c ^6i,...,6q|c|6' 

which generahzes the Schwartz equahty. 

Theorem 5.7 // {E,Tr, M)={F,i/, N), then the following relations hold good 
J2 {pDuA{P,h)T{U2,U3))-{p,h)R{Ui,U2)Us 

(-Bl) eyclic(ui,U2,U3) 

+ {p,h)T{{p,h) T(C/i,C/2),C/3)} = 0, 

and 

{B2) {pDu^{{p,h)R{U2,U3)U)-{p,h)R{{p,h)T{Ui,U2),U3)u]=0. 

eyelic(ui ,U2,U3,u) 

respectively. This identities will be called the first respectively the second identity of 
Bianchi type. 
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In particular, if h = IdM, then the identities {Bi) and {B2) become 

(B'l) ^ {pDui{pT {U2,U3)) - pR{ui,U2)u3+ pT {pT {ui,U2) ,U3)} = 0, 

cyclic{ui,U2,U3) 



(-^/) ^ {pDui{pR{u2,U3)u) - pR{pT{ui,U2) ,U3)u} = 0. 

cyclic{ui ,U2 ,W3 ,«) 

which will be called the first respectively the second identity of Bianchi type. 
Remark 5.2 On components, the identities of Bianchi type (-Bi) and (-B2) become: 

E { h) T« + (p, h) • (P, h) } 

(f)ll\ cycHc{ai,a2,a3) 

cj/cHc(ai ,02,03) 

and 

(^2 ) E { ('^' ^) ^6 abasia, + (P> ^6 gas ' (P, h) } = 0- 

cyclic(ai,a2,as) 

If the (p, /i)-torsion is null, then the identities of Bianchi type become: 

cyclic{ai 02,03) 

and 

(^2") E (P'M^6a2a3U,=0. 

C2/dic(oi,02,03) 

6 (Pseudo)metrizable vector bundles. Formulas of Levi- 
Civita type 

We will apply our theory for the diagram: 

E [F,l]p^^,{p,IdN)) 

(6.1) TT 

h 

M 

where (E,7r,M) G |B^| and (^{F,v, N) ,[,]pf^ , {p, Mn)) e |GLA| . 

Definition 6.1 We will say that the vector bundle {E,Tr,M) is endowed with a pseu- 
dometrical structure if it exists g = gabs"" (8) G {E, tt, M) such that for each x E M, 
the matrix Wg^b {x)\\ is nondegenerate and symmetric. 

Moreover, if for each x G M the matrix \\gab has constant signature, then we 
will say that the vector bundle {E,7r,M) is endowed with a metrical structure. 
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is a (pseudo) metrical structure, then, for any 
a, 6 G l,r and for any vector local (m + r')-cliart {U,su) of {E,7r,M), we consider the 
real functions 



xba 

u — ^ 



such that 11^^" = \\gab {x)\\ ^ , for any Vx G J7. 

Definition 6.2 We admit that {E, tt, M) is a vector bundle endowed with a (pseudo)metrical 
structure g and with a linear p-connection pF. 

We will say that the linear p-connection pT is compatible with the (pseudo)metrical 
structure g if 

(6.2) pD,g = 0,yzer{F,iy,N). 

Definition 6.3 We will say that the vector bundle {E,7r,M) is p-(pseudo)metrizable, 
if it exists a (pseudo) metrical structure € 7^ {E, tt, M) and a linear p-connection pT 
for {E, TT, M) compatible with g. The i(irM-(pseudo)metrizable vector bundles will be 
called ( pseudo) metrizable vector bundles. 

In particular, if {TM,tm,M) is a (pseudo)metrizable vector bundle, then we will 
say that {TM,tm,M) is a (pseudo)Riemannian space, and the manifold M will be 
called (pseudo) Riemannian manifold. 

The linear connection of a (pseudo) Riemannian space will be called (pseudo) Rieman- 
nian linear connection. 

Theorem 6.1 // (E, tt, M) = (F, u, N) and g e 7^ (h*E, h*TT, M) is a (pseudo) metri- 
cal structure, then the local real functions 

(6.3) "2^ y''^°^dx'^^^'°^dx^ ""^^dx^ 

+gecLtd gbeL%, oh- gdeLl, o h) . 

are the components of a linear p-connection pV for the vector bundle (h*E, h*TT, M) 
compatible with g such that (p, /i) T = 0. 

Therefore, the vector bundle (h*E,h*Tr,M) becomes p- (pseudo) metrizable. The li- 
near p-connection pF will be called linear p-connection of Levi-Civita type. 

Proof. Since 

(^pDug) V®Z = F {^*p^, Mm) (U) ((5 (V ® Z)) - g {J^pDuV) ® z) 
-g {y ® {pDuZ)) , yU,V,Z eT (h*E, h*Tr, M) . 

it results that, for any [/, F, Z G F (h*E, h*Tr, M) , we obtain the equalities: 

(1) F C'p', Mm) (U) (g (V ® Z)) = g [{pDuV) ®z)+g{y® [pDuZ)) , 

(2) F C^Jf, Mm) (Z) (g (U ®V)) = g [pDzU) ®v)+g(u® [pDzV) ) , 

(3) F {^*p^, Mm) (V) (g (Z ®U))=g {[pDyZ) ®u)+g[z® {pDyU)) . 
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We observe that (1) + (3) — (2) is equivalent with the equahty: 

+g (i^pDuZ - piDzU) ® = r i^'p'^JdM) {U) {g {V ® Z)) 
+r i^'p'^, Mm) {V) {g (Z 0U))- T ^^p^, Mm) (Z) {g (U ® V)) . 

Using the condition (p, h)T = 0, which is equivalent with the equality 

pbuV-pDvU-[U,V],^.E = ^, 

we obtain: 

2g (^(^pbuV) 0Z) = r (^''p", Mm) {U) -{giV^ Z)) 

+r {^*p, Mm) {V) (g {Z ®U))-V {^'p'' , Mm) {Z) {g {U ® V)) 

+9 {[U, V]f^,E ®Z)-g{[U, Z\.E ® V) 

-g ([y, Z\,E ® [/) , VC/, y, Z G r {h*E, h*7r, M) . 

Therefore, we obtain the equality: 

dg{Si,(i^Sc) , JgiScfi^Sa) fc ^dg{Sa(i?)Sb) 



2g{{pTtS,)^S:)=f^^oh'AS^^+ fP,oh 



h- 



+g {{Li, oh)Sd^ Sc) - g {{L^ oh)Sd^ S,) - g {{L^ oh)Sd® 5„) , 
which is equivalent with: 

,^9ca k^,dg 



9dc 



= Pa°h-g-+doh-^-p^oh^+ (L„, o h) 

- (^i ° h) gab - (it o h) g^a- 

Finally, we obtain: 

■nd ^ ~dc ( i 1, '^9bc , 7 , ^5ca , %a6 

+ (Li, o h) g^ - (lI o h) g^ - [lI o h) gj^ , 

where \\g^'^ {x)\\ = \\gcd {x)\\~^ , for any x e M. q.e.d. 

Corollary 6.1 In particular, if h = Mm, {E,7r,M) = {F,u,N) and g G T^{E,ir,M) 
is a (pseudo)metrical structure, then the local real functions 

(6.3') pFl = [pf-§^ +Pl^-P'd^+ 9ecLt, + g^eLl, - gdeH,) . 

are the components of a linear p-connection pT for the vector bundle {E, n, M) com- 
patible with g such that pT = 0. 

Therefore, the vector bundle {E,Tr,M) becomes p-(pseudo)metrizable. 

The linear p-connection pT will be called linear p-connection of Levi-Civita type. 

In particular, if p = IdxM-, we obtain the classical Levi-Civita connection. 
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Theorem 6.2. // {E, vr, M) = {F, u, N), g £ 7^ {h*E, h*TT, M) is a pseudo (metrical) 
structure and T € T2 {h*E, h*Tr, M) such that its components are skew symmetric in 
the lover indices, then the local real functions 

(6.4) ptt, = pFl + ^~g^ {gaenc ' 9 A + 5ecT^,) , 

are the components of a linear p-connection compatible with the (pseudo) metrical struc- 
ture g, where pT^^. are the components of linear p-connection of Levi-Civita type (6.3). 
Therefore, the vector bundle (h* E , h* it , A4) becomes p- (pseudo)metrizable. In addition, 
the tensor field T is the {p,h) -torsion tensor field. 

Corollary 6.2 In particular, if h = Idu, {E,Tr,M) = {F,u,M), g G {E,tt,M) is 
a pseudo (m,etrical) structure and T <£ T2 {E,tt,M) such that its components are skew 
symmetric in the lover indices, then the local real functions 

(6.4') ptl = pTl + ^~g^ {g,eTl - g,eT%, + gecTU) , 

are the components of a linear p-connection compatible with the (pseudo)metrical struc- 
ture g, where pT^^ are the components of linear p-connection of Levi-Civita type (6.3'). 
Therefore, the vector bundle {E,tt,M) becomes p- (pseudo)metrizable. In addition, the 
tensor field T is the p-torsion tensor field. 

Theorem 6.3 If g £ T2 {E, vr, M) is a pseudo (metrical) structure and pT is the linear 
p-connection (6.4) for the vector bundle {E,Tr,M), then the local real functions 

(6-5) pT,^ = ptt^ + iff^^S 

co\a 

are the components of a linear p-connection compatible with the (pseudo) metrical struc- 
ture g. Therefore, the vector bundle {E,7r,M) becomes p-(pseudo)metrizable. 

Theorem 6.4 If g € 7^ {E, tt, M) is a pseudo (metrical) structure, pT is the linear 
p-connection (6.4) for the vector bundle {E,Tr,M) and T = T^s^ (8> s'^ (8> t"", then the 
local real functions 

are the components of a linear p-connection compatible with (pseudo) metrical structure 
g, where = ^5^5^ — gbag'^"' is the Obata operator. Therefore, the vector bundle 
{E,Tr,M) becomes p-(pseudo)metrizable. 
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1 Introduction 

The theory of connections constitutes one of the most important chapter of differential 
geometry, which has been explored in the literature (see [2, 3, 4, 5, 10, 11, 12, 13, 14, 15, 16]) 
Connections theory has become an indispensable tool in various branches of theoretical 
and mathematical physics. 

If {E, TT, M) is a fiber bundle with paracompact base and {VTE,te, E) is the kernel 
vector bundle of the tangent B"^-morphism (Ttt, tt) , then we obtain the short exact 
sequence 

VTE TE — ^ 7r*rM — > 

(1) |te iTE i7r*rM 



where tt! is the projection of TE onto Tr*TM. 

We know that a split to the right in the previous short exact sequence, i.e. a smooth 
map h € Man {n*TM, TE) so that tt! o /i = Id-^tTM, is a connection in the Ehresmann 
sense. 

If {HTE,te, E) is the image vector bundle of the B"^-morphism {h, Ids) , then the 
tangent vector bundle {TE,te, E) is a Whitney sum between the horizontal vector 
bundle {HTE,te, E) and the vertical vector bundle {VTE,te, E) . 

Prom the above notion of connection, one can easily derive more specific types of 
connections by imposing additional conditions. In the literature one can find several 
generalizations of the concept of Ehresmann connection obtained by relaxing the con- 
ditions on the horizontal vector bundle. 



• First of all, we are thinking here of the so-called partial connections, where 
{HTE,te,E) does not determine a full complement of {VTE,te,E) . More pre- 
cisely, r [HTE,te, E) has zero intersection with T {VTE^t e, E), but (HTE, te, E) 
projects onto a vector subbundle of {TM,tm, M) . (see [7]) 

• Secondly, there also exists a notion of pseudo-connection, introduced under the 
name of quasi- connection in a paper by Y. C. Wong [16] . Linear pseudo-connections 
and generalization of it have been studied by many authors, (see [3]) 

P. Popescu build the relativ tangent space and using that he obtained a new gene- 
ralized connection on a vector bundle. [11] (see also [12]) 

In the paper [4] by R. L. Pernandez a contravariant connection in the framework 
of Poisson Geometry there are presented. Given a Poisson manifold M with tensor A 
which does not have to be of constant rank, a covariant connection on the principal 
bundle (P, tt, M) is a G-invariant bundle map h G Man (tt* {T*M) , TP) so that the 
diagram is commutative 

TT* {T*M) — ^ TP 
(2) 7r*(^TM)i ITtt 

T*M — TM 

where (ftA^-^^Af) is the natural vector bundle morphism induced by the Poisson tensor. 
In the paper [5] , R. L. Fernandez has extending this theory by replacing the cotangent 
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bundle of a Poisson manifold by a Lie algebroid over an arbitrary manifold and the map 
(Ia by the anchor map of the Lie algebroid. This resulted into a notion of Lie algebroid 
connection which, in particular, turns out to be appropriate for studying the geometry 
of singular distributions. 

B. Langerock and F. Cantrijn [2] proposed a general notion of connection on a fiber 
bundle {E, tt, M) , as being a smooth linear bundle map h G Man (tt* (F) , TE) so that 
the diagram is commutative 

TT* (F) — ^ TE 

(3) ; ; Ttt 

F — ^ TM 

where {F, M) is an arbitrary vector bundle and (p, /^m) is a vector bundle morphism 
of {F^u^M) source and {TM,tm,M) target. 

Different equivalent definitions of a (linear) connection on a vector bundle are known 
and there are in current usage. We know the following 

Theorem // we have a short exact sequence of vector bundles over a paracompact 
manifold M 

E' — ^ E — ^ E" — > 

(4) Itt' I tt i tt" 
^ Mm ^ ^ Mm ^ ^ 



then there exists a right split if and only if there exists a left split. 

So, a split to the left in the short exact sequence (1), i.e. a smooth map F G 
Man {TE, VTE) so that T oi = Mte, is an equivalent definition with the Ehresmann 
connection. 

We remark that the secret of the Ehresmann connection is given by the diagrams 

E (rM,[,]™) -J±^ (rM,[,]™) 

(5) Itt Itm Itm 

^ Mm ^ ^ Mm ^ ^ 

where {E, vr, M) is a fiber bundle and {{TM, tm, M) , [, ]rpj^ , {Mtm, Idu)) is the stan- 
dard Lie algebroid. 

First time, appeared the idea to change the standard Lie algebroid with an arbitrary 
Lie algebroid as in the diagrams 

E {F,[,\f) {TM,[,\t.^) 

(6) 4- TT I 1/ I TM 

^ Mm ^ ^ Mm ^ ^ 

Second time, appeared the idea to change in the previous diagrams the identities 
morphisms with arbitrary Man-isomorphisms h and as in the diagrams 



E 



{P^Uh) (rM,[,]™) {TN, 



C*") Itt iv i TM 4 Tat 

M — ^ N — ^ M — ^ 
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where 

(p, rj) G ((F, u, M) , {TM, tm, M)) 

and 

r (F, z/, iv) X r (F, z/, iv) '''''''' ) r (f, z^, iv) 

is an operation with the following properties: 
GLAi. the equality holds good 

f ■'"\F,h = f '"\F,h + ^{Tho p,hon) (n) / • V, 

for all u,v eV (F, u, N) and f e T (iV) . 

GLA2. the i-tuple {F,iy,N) ,+,-,[,]pf^^ is a Lie T (N)- algebra, 
GLA3. the M.od-morphism T [Th o p^ho rf) is a hieAlg-morphism of 

(r{F,iy,N),+,.,[,]p^,^) 

source and 

(r {TN,TN,N),+,;[, 

\TN) 

target. 

So, appeared the notion of generalized Lie algebroid which is presented in Definition 
2.1. Using this new notion we build the Lie algebroid generalized tangent bundle in the 
Theorem 3.1. Particularly, if {{F,v,N) ,{p,ldN)) is a Lie algebroid, {E,Tr,M) = 
(F, I/, N) and h = IdM, then we obtain a similar Lie algebroid with the the prolongation 
Lie algebroid. (sec [6,8,9,10]) Using this general framework, in Section 4, we propose 
and develop a (linear) connections theory of Ehresmann type for fiber bundles in general 
and for vector bundles in particular. It covers all types of connections mentioned. In 
this general framework, we can define the covariant derivatives of sections of a fiber 
bundle (F,7r,M) with respect to sections of a generalized Lie algebroid 

((F,z.,iV),[,]^^^,(p,r?)). 

In particular, if we use the generalized Lie algebroid structure 

l]TM,IdM ' {IdTMjdu)^ 

for the tangent bundle (TM, tm-, M) in our theory, then the linear connections obtained 
are similar with the classical linear connections. 
It is known that in Yang-Mills theory the set 

of covariant derivatives for the vector bundle (F, vr, M) such that 

X {{u, v)e) = {Dx (u) , v)e + {u, Dx {v))e , 

for any X E X (M) and u,v (zT (F, vr, M) , is very important, because the Yang-Mills 
theory is a variational theory which use (see [1] ) the Yang- Mills functional 

Dx ^ Is 

^ M 
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where is the curvature. 

Using our linear connections theory, we succeed to extend the set Cov^^ ^ of 
Yang-Mills theory, because using all generalized Lie algebroid structures for the tangent 
bundle {TM,tm,M), we obtain all possible linear connections for the vector bundle 

{E,7T,M). 

More importantly, it may bring within the reach of connection theory certain geo- 
metric structures which have not yet been considered from such a point of view. Finally, 
using our theory of linear connections, the formulas of Ricci and Bianchi type and linear 
connections of Levi-Civita type are presented. 

2 Preliminaries 

In general, if C is a category, then we denote \C\ the class of objects and for any 
A, i?€ \C\, wc denote C (A, B) the set of morphisms of A source and B target. Let Vect, 
Liealg, Mod, Man, B and B'*' be the category of real vector spaces. Lie algebras, 
modules, manifolds, fiber bundles and vector bundles respectively. 

We know that if {E, tt, M) G |B^| , L [E, tt, M) = {u G Man {M,E) -.uo-k = IcIm} 
and -F(M) = Man(M,]R), then (T {E,tt, M) , +, ■) is a JT (M)-module. If i(p,<Po) G 
B'^ {{E, TT, M) , {E', tt', M')) such that (pQ G /soMan {M, M') , then, using the operation 

F{M) yiT{E',Tx',M') T{E'y,M') 

it results that (F {E', tt', M') , -|-, •) is a (M)-module and we obtain the Mod-morphism 

F(£;,7r,M) ) T{E',Tr',M') 

defined by 

r{(p,(pQ)u{y) = (p(u^-i^y^^ , 

for any y G M'. 

We know that a Lie algebroid is a vector bundle [F^v^N) G |B^| such that there 
exists 

(p, Un) G B^ ((F, N) , (TAT, Tiv, N)) 

and an operation 

V{F,y,N)xV{F,u,N) ^ T{F,u,N) 
{u,v) I — [u,v]p 

with the following properties: 
LAi. the equality holds good 

[u, f ■v]p = f [u, v]p + F (p, Hn) {u) / • V, 
for all u,veT {F, u, N) and / G J^(iV) , 
LA2. the 4-tuple (F {F, u, N) , -|-, •, [, ]^) is a Lie J" (Ar)-algebra, 
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LAs- the Mod-morphism F {p^Id^) is a LieAlg-morphism of 

(r {F,U,N),+,;1]f) 

source and 

TN) 

target. 

Definition 2.1 Let M,N G |Man| , h € /soMan {M,N) and 77 G IsoMan {N,M). 
If {F,iy,N) G [B'^l so that there exists 

(p, 7?) G ((F, u, N) , {TM, TM, M)) 

and an operation 

T{F,v,N)y.T{F,u,N) T{F,u,N) 
{u,v) I — > [u,v]pj^ 

with the following properties: 

GLA\. the equality holds good 

[u,f ■ v\pj^ = f [u,v]p ,^ + r{Tho p,hor]) (u) f ■ v, 
for ah u,ver {F, u, N) and f e {N) . 

GLA2. the 4-tuple (v {F, u, N) , +, •, [, ]p f^ is a Lie T (iV)-algebra, 
GLAs. the Mod-morphism F {Th o p, /i o 77) is a LieAlg-morphism of 

(r(F,z.,iv),+,.,[,]p_,) 

source and 

(r {TN,TN,N), +,;[,] 

TN) 

target, then we will say that the triple 

(2.1) ({F,u,N),[,]p^^,{p,i^)) 

is a generalized Lie algebroid. The couple ^[J^t'/j , (p, 77)^ will be called generalized Lie 
algebroid structure. 

Remark 2.1 In the particular case, {r],h) = {IdM, IdM) , we obtain the definition of 
Lie algebroid. 

Let ((F,z/,iV),[,]p,^,(p,77)) be a generalized Lie algebroid. 

• Locally, for any a,/3 G l,p, we set [taji/jj^/j = Li'^^tj. We easily obtain that 
Lli^ = -L}^, for any a,/3,je TTp. 

The real local functions -^^2/3' '^'/^'T ^ ^^P ^^^^ called the structure functions of 
the generalized Lie algebroid i (F, v, N) (p, 77) j . 
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We assume the following diagrams: 



F 




TM 








N 


V 

> 


M 






(x',y') 



Th 



^ TN 

I TAT 

N 



where i,i E l,m and a G l,p. 
If 



and 
then 

and 



We assume that /x) {Th o p,hor]). If z°'ta G T (F, u, N) is arbitrary, then 
(2.2) 



r (T/t o p, /i o 77) (z°ia) / (/i o r? (x)) = 
= ° ^ = ((/^'a o h) {z- o h) ^) (r? (x)) , 

for any / G (iV) and x G A^. 

The coefficients respectively 0^ change to p^- respectively 0^- according to the 



rule: 




(2.3) 


Pa '^aPaQ^v 


respectively 




(2.4) 


- 9x* 


where 


, -1 



IIA^-II = 



A" 



Remark 2.2 The following equalities hold good: 



(2.5) 



dfoh 
dx'^ 



h,yfeTiN). 
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and 

Theorem 2.1 Let M,N e |Man| , /t G /soMan (-^, V G /soMan (-^, M) be. 

Using the tangent ^^-morphism {Trj^r}) and the operation 

T{TN,TN,N)xT{TN,TN,N) ''^^"^'^ > T{TN,tn,N) 

{U,V) ^ [u,v]TN,h 

where 

'"]TN,h = r (^T (/i o r/)"\ (/i o ?7)"^ j ([r {T{hori),hor])u,r{T{hor]),hori) v]j,j^) , 
for any u,v E T {TN,tn, N), we obtain that 

(^iTN,TN,N),{Tr],v),l]TN,h) 

is a generalized Lie algebroid. 

For any Man-isomorphisms ij and h, new and interesting generalized Lie alge- 
broid structures for the tangent vector bundle {TN,tn, N) are obtained. For any base 
{ta, a G 1, m} of the module of sections (F (TAT, tn,N) ,+,■) we obtain the structure 
functions 

where 

9^, i,a G l,m 

are real local functions so that 

r{T{hon),hor,) {ta) = e\,^ 

and 

O], z,7 G l,m 

are real local functions so that 

v{T{hor^)'\{hon)-^) (afj)=^JV 

In particular, using arbitrary isometries (symmetries, translations, rotations,...) for 
the Euclidean 3-dimensional space S, and arbitrary basis for the module of sections 
we obtain a lot of generalized Lie algebroid structures for the tangent vector bundle 
(TS,rs,S). 

Let ((F, V, M) , [, ]j7 , (p, IdM)) be a Lie algebroid and let h G /soMan M) be. Let 
AJ^F be a vector fibred (m -|- p)-atlas for the vector bundle (F, u, M) and let AFtm be 
a vector fibred (m -I- m)-atlas for the vector bundle (TM, tm , M) . 

If (C/,C[/) G AFtm and (V, sy) G AI'f such that U D {V) ^ (f>, then we define 
the application 

T]^\unh-\v))) ^Jl!2!^zln {unh-\v)) xR"^ 

(x,u(x)) I — > (>^, (x)) • 
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Proposition 2.1 The set 

ATtm'= U {(unh-HV),lunh-Hv))} 

is a vector fihreA m, + m-atlas of the vector bundle {TM,tm, M) . 
If X = X'-r—; € r {TM,tm,M) , then we obtain the section 



x = x^oh^er{TM,TM,M), 



such that X {>c) = X (h (x)) , for any h e U Ci {V) . 

The set { g|j , i G l,m} is the natural base of the T (M)-module (r (TM, tm, M) , +, ■) 

Remark 2.3 If ((F, z., TV) , [, ]^,^ , (p, r?)) is a generalized Lie algebroid, then we obtain 
the inclusion B^-morphism 

TT* {h*F) ^ F 
(2.7) h*v i 

E ) M 

3 The Lie algebroid generalized tangent bundle 

We consider the following diagram: 



(3.1) 



M 



where {E,Tr,M) is a fiber bundle and ^(F, z/, M) , [, , (p, jy)^ is a generalized Lie 
algebroid. 

We take (x',y") as canonical local coordinates on (F, tt, M) , where i E l,m and 
a G 1, r. Let 

(a;\y») ^ (x^' (a;% / y») ) 

be a change of coordinates on {E, tt, M). Then the coordinates change to according 
to the rule: 

In particular, if {E,Tr,M) is vector bundle, then the coordinates change to 
according to the rule: 

(3.2') /=M„V- 
Easily we obtain the following 
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Theorem 3.1 Let % ^\ldE^ be the B"" -morphism of (tt* {h*F),Tr* {h*v),M) 
source and {TM,tm, M) target, where 

(3.3) (^*^) . 
Z^Ta M ^ (Z" • p> /i o tt) ^ (u^) 

Using the operation 

r(7r* (/i*F),7r*(/i*z/),M)^ ^"'^^ ) T (tt* (/i*F) , tt* (/iV) , M) 

defined by 

[Ta, = Ll^ohoTT -T^, 

df 

(3.4) [r„, /T^]^, = fLl^ ohonT^ + p^^oho vr^T^, 

for any f € (E) , it results that 

'(tt* {h*F) , TT* {h*u) ,M),[,l. (^.^) , ^^^''^ 7d£,^) ) 

is a Lie algebroid which is called the pull-back Lie algebroid of the generalized Lie alge- 
broid (^{F,u,M),[,]pj^,{p,ri)') 

If z = z'^toc € r (F, V, M) , then we obtain the section 

Z = {z" ohoTr)TaeT (tt* {h*F) , n* {h*u) , E) 

so that Z (ux) = z{h {x)) , for any G tt' 
Let 



put 



_d d_\ 



be the base sections for the Lie F (E'j-algcbra 

(F {TE,te,E), +,;[,] 

TE) ■ 

For any sections 

Z^Ta G F (tt* {h*F) , TT* {h*F) , E) 

and 

Y''daeT{VTE,TE,E) 

we obtain the section 

z'^ba + y^da =: z'^ (r„ e {pi ohoTr)di)+ y« {o^^^h^f) e 4) 
= z°r„ e (p> /i o tt) di + y"4) e r (tt* {h*F) e te, ®, . 

Since we have 

Z'^da + Y'^da = 

t 

Z'^T^ = A (p> o tt) 5i + Vda = 0, 
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it implies Z"" = 0, a el,p and = 0, a G 1, r. 

Therefore, the sections di, ...,dp,di, ...,dr are linearly independent. 

We consider the vector subbundlc {{p,r])TE, (p,ri) t^, E) of the vector bundle 
^TT* {h*F) © TE, ^, E^ , for which the (£;)-module of sections is the (£;)-submodule 

of fr (tt* {h*F) © TE, ®, e) ,+,■), generated by the set of sections (da, da] ■ 



The base sections yda,daj will be called the natural {p,r])-base. 

The matrix of coordinate transformation on {{p,r])TE, {p,r])TE,E) at a change of 
fibred charts is 



(3.5) 



A" O /l O TT 







[pi oHo-k) 



Qya QyU 

dx^ dy"- 



In particular, if [E, tt, M) is a vector bundle, then the matrix of coordinate trans- 
formation on ((p, 7]) TE, (p, rj) te, E) at a change of fibred charts is 



(3.6) 



A° o /i o vr 



{plohoTr) ' 



dxi 



y° M« o TT 



Easily we obtain 

Theorem 3.1 Let {p,IdE) be the W -morphism of {{p,rj)TE, {p,r]) te, E) source 
and {TE,te, E) target, where 



(3.7) 



{p,v)TE^TE 



Using the operation 



T{{p,^)TE, {p,n)TE,Ey 



Kp,v)te 



T{{p,^)TE,{p,i^) TE,E) 



defined by 



(3.8) 



zfda + Y^^da,z^dp + Yid, 

■^1 J-a, ^2 



■K*(h*F) 



Z^{plohoTr)di + Y^-da, 



Z^ (p>goho7r)dj + Y2^d, 



TE 



for any Z^da + YfOa and + 12*^6) ^'^e obtain that the couple y\,,\(pn)TE 
is a Lie algebroid structure for the vector bundle {{p, rj) TE, (p, rj) te, E) . 
Remark 3.2 In particular, if ^ = Idu, then the Lie algebroid 



{-pJdE)) 



{{IdTM,IdM) TE, (IdTM,IdM) TE,E) , [,](^jdj,M,IdM)TE ' (jdTM,LdE^^ 
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is isomorphic with the usual Lie algebroid 

i{TE,TE,E) ,{IdTE,IdE)) . 

This is a reason for which the Lie algebroid 
(((P 

will be called the Lie algebroid generalized tangent bundle. 

The vector bundle {{p, rj) TE, (p, rj) te, E) will be called the generalized tangent bun- 
dle. 

3.1 The generalized tangent bundle of dual vector bundle 

Let {E,tt,AI) be a vector bundle. We build the generalized tangent bundle of dual 
vector bundle i E,n,M ] using the diagram: 



(3.1.1) 



IT \. iu 

M > N 



where (^{F, v, ,[,]pf^, (p, rj)j is a generalized Lie algebroid. 

We take {x'^,Pa) as canonical local coordinates on ^£J,7r, , where i G l,m and 

a € l,r. 
Consider 

a change of coordinates on ^E, . Then the coordinates Pa change to Pa' according 

to the rule: 

(3.L2) Pa = M^Pa. 

Let 

be the base sections for the Lie T [E\ -algebra 



T[TE,ryEy+,-X]^.^ 
For any sections 

Z'^Ta e r (n* {h*F) , n {h*v) , E 



and 
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we obtain the section 



Z'^da + Yad =: Z° (t^ e (p'„ ohon'^dA+ Ya f 0..^^^^^ d'' 



* z * 



= z'^Tc, e (^z" (^pioho 7^) 5i + Yad^j e r j^^* {h*F) e r^;, t?, 

Since we have 

Z'^da+Yad =0,. 

i (h*F)®TE 

t 

Z'^T^ = 0;*(,.^) A Z- oho^)d, + Yad- = 0^^, 

it imphes = 0, a £ l,p and Fa = 0, a € 1, r. 
Therefore, the sections 

* * ■ 1 ■ r 

di,...,dp,d ,...,d 

are Unearly independent. 

We consider the vector subbundle 



{p,r])TE, {p,r])T*,E 



E' 



of vector bundle 



* I * 



TT {h*F)®TE,Tr,E , 



for which the TIE] -module of sections is the T [ E ] -submodule of 



r TT {h*F)®TE,Tr,E ,+, 



generated by the family of sections ^5q;,5 j which is called the natural {p,r])-base. 

(* * \ 

{p, rj) TE, {p, ri)T*^,Ej at a change of 

fibred charts is 
(3.1.3) 



A^ohoir 



We consider the operation [, 1 * defined by 



Zfda + Y^d ,Z^dfi + Y,^d 



(p;n)TE 



(3.1.4) 



ZfT^,Z^T^ 



n (h'F) 



Zf [f/^oho ^) hi + Y^d"^, 



Z^i^pi^oho^ydj + Y.^d' 
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J TE 



. b 



Let ( p, Id*^ j be the B'^-morphism of ( {p, ij) TE, {p, Vj) t*^, E \ source and ( TE, t*^, E 



for any sections Z^da + Y^B and Z^B/^ + Y^B 

Let I p, Id 
target, where 

(3.L5) 



{p, rj) TE ^ TE 

Z^do, + Yad ] {u^)^ (z^ {p'a°ho^ di+Yad''\ {u^) 



The Lie algcbroid generahzed tangent bundle of the dual vector bundle ( E,Tr,M 
will be denoted 



ip,r,)TE,ip,r,)r,,E ^^^^^^^,(p,Id. 



4 (Linear) (p, 77) -connections 

We consider the diagram: 



M 



where {E, tt, M) G |B| and (^{F, v, , [, , {p, ij)^ is a generalized Lie algebroid. 



Let 



(((P , V) TE, (p, r]) TE,E), [, ](p,^)TE , {p, Ids)) 



be the Lie algebroid generalized tangent bundle of the fiber bundle {E,-!r,M). 

We consider the B'*^-morphism ((p, ry) tt!, /ds) given by the commutative diagram 



(p, 7]) TE — ^ TT* ih*F) 



(4.1) 



{p,v)te 



E- 



idp 



pri 



^E 



This is defined as: 
(4.2) (p, r/) tt! ( ( Z^da + Y^da ) (n,) ) = (Z"T,) (u,) , 



for any Z^B^ + Y'^Ba G T ((p, r/) TE, (p, ij) te, E) . 

Using the B"^-morphism {{p,r]) ir\, Me) , and the the B'^-morphism (2.7) we obtain 
the tangent {p,ri) -application {{p,r])T7T,h o it) of {{p,r])TE, {p,r]) te, E) source and 
(F, u, N) target. 
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Definition 4.1 The kernel of the tangent (p, 7y)-apphcation is writen 



{V{p,ri)TE,{p,n)TE,E) 
and it is called the vertical subbundle. 

We remark that the set i^da, a G l,rj- is a base of the (£^)-module 

{T{V{p,v)TE, {p,r,)TE,E),+,-)- 
Proposition 4.1 The short sequence of vector bundles 



0^ 



V{p,ri)TE^ 



(4.3) 



E- 



Me 



^E- 



Me 



{p, v)TE ^ TT* {h*F) ^ 



^E- 



Me 



^E 



Me 



■E 



is exact. 

Definition 4.2 A Man-morphism (p, rj) T of (p, rj) TE source and V {p, Vj) TE target 
defined by 



(4.4) 



(p, ri) V Z^d^ + Y'^da (u^) = + (p, ri) T^Z^) da ( 



SO that the B'*^-morphism {{p,ri)T, Ids) is a split to the left in the previous exact 
sequence, will be called {p,ri) -connection for the fiber bundle {E,tt,M). 

The (p, /^Af )-connection will be called p-connection and will be denoted pT and the 
(IdTM, -^c?M)-connection will be called connection and will be denoted V. 

Definition 4.3 If (p, 77) F is a (p, r/)-connection for the fiber bundle {E^ tt, M), then 
the kernel of the B"^-morphism ((p, rj) F, Me) is written {H (p, rj) TE, (p, rj) te, E) and 
will be called the horizontal vector subbundle. 

Definition 4.4 If {E,7r,M) € |B|, then the B-morphism (H, tt) defined by the 
commutative diagram 



(4.5) 



V{p,rj)TE- 
E '- 



E 



so that the components of the image of the vector Y'^da (ux) are the real numbers 
Y^ (ux) , (ux) will be called the canonical projection ^-morphism. 

In particular, if {E,tt,M) € |B"^| and {sa,a G l,r| is a base of the J^(M)-module 
of sections (F {E, tt, M) , +, ■), then 11 is defined by 



(4.6) 



n Y^da (Ux 



Y'' {Ux)Sa (7r(n^))=F« {Ux) Sa (x). 



Theorem 4.1 // {p,ri)V is a {p^rj)- connection for the fiber bundle {E,7t,M) , then 
its components satisfy the law of transformation 



(4.7) 



p^o(/i0 7r)g; + (p,77)F- AXo(/i07r). 
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If (P) ri)T is a (p, rj)- connection for the vector bundle {E, tt, M) , then its components 
satisfy the law of transformation 

(4.7') (p, n) r«:=M>7r[p^o {hon) {p, r/)r«]A:^x> (/iOTr) . 

In the particular case of Lie algehroids, {r],h) = {IdM,IdM) , the relations (4.7') 
become 



(4.7") 



AyOTT. 



/n i/ie classical case, {p,r],h) = (Idru, Idu, Idn) , the relations (4.7") become 



Proof. Let (11, tt) be the canonical projection B-morphism. 
Obviously, the components of 



are the real numbers 



Since 



(y" + (p,r?)r»Z^')(n,) 



ZT'Sy + Y^'da'j {u^) = Z^'tC^.o h o TTd^ (n^) 

+ (^Z%ohon^. + ^.Y^^dAu.), 
it results that the components of 

Uo{p,n)r(^z'r'*dy + Y-'da'^ («.) 

are the real numbers 

[Z% ohon^ + + {p, n) V-Z^^.o h o vr) (n.) ^, 

where 



Therefore, we have: 

(z^p;. o o vrg: + |;y« + (p, r?) r«zTA;^, o /I o tt) g;' = + (p, r?) r«:zT'. 

After some calculations we obtain: 

(P, r?) r«: = ^ (p^ o (/i o tt) + (p, r?) r«) a;;;, o o tt. g.e.d 

Remark 4-i If T is a Ehresmann connection for the vector bundle {E,tt,AI) on 
components F^, then the differentiable real local functions (p, ry) = (p^ o /i o tt) F^ 
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are the components of a (p, ?7)-connection (p, rj) T for the vector bundle (E, vr, M) . This 
(p, ?7)-connection will be called the {p^r])- connection associated to the connection V. 

Definition 4.5 If (p, r/) F is a (p, ry)-connection for the vector bundle [E, tt, M) and 
z = z'^tj G r {F, I/, M) , then the application 

r{E,Tr,M) T{E,Tr,M) 



where 
(4.8) 



{p, v) DzU 



{p,v) D,u = z'yoh{p^^oh^ + {p,v) r« o u) Sa 



will be called the covariant {p,rj) -derivative associated to {p,r]) -connection {p,rj)r with 
respect to the section z. 

In the particular case of Lie algebroids, {r],h) = {IdM^Idu) ^ the relations (4.8) 

become 

(4.8') pD,u = z^ (p^f; + pr« O u) Sa. 

In the classical case, {p,ri,h) = {IdTM,IdM,IdM) , the relations (4.8') become 

(4.8") DxY=X'^ ° di. 

Definition 4.6 Let {p, r/) F be a {p, ?7)-connection for the fiber bundle (E, vr, M) . If 
for each local vector (m + r)-chart {U, sjj) and for each local vector (n + p)-chart {V, ty) 
so that U n {V) 7^ (p, it exists the differentiable real functions (p, rj) L^^ defined on 
U n h-^ (V) such that 

(4.9) {p, v)T^ou = {p, 77) ■ u\ Vu = u^Sb € T {E, tt, M) , 

then we say that (p, rf) T is linear. 

The differentiable real local functions {p, rf) T^^ will be called the Christoffel coeffi- 
cients of linear {p,ri) -connection {p,rj)T. 

Proposition 4.2 // (p, rj)T is a linear (p, 77) -connection for the fiber bundle {E, tt, M) , 
then its components satisfy the law of transformation 



(4.10) 



d_(d]/ 



■ th^dy'' \dy' 



Irrdyb 



AZ^h. 
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U (pi'n)^ ^ linear {p,rj)- connection for the vector bundle {E,Tr,M), then its 
components satisfy the law of transformation 



(4.10') 



{p,v)ri^^M-' p'^oh^+{p,r,)rt^Ml 



In the particular case of Lie algebroids, {r],h) = {IdM, Idn) , the relations (4.10') 
become 



Al. 

7 



(4.10") pr^, = M- [p^^^ + pr^M| 

In the classical case, {p,r],h) = {IdTM,IdM,IdM) , the relations (4.10") become 



(4.10'") 



■pi' dx'- 



a 

dx'' 



( dx^ \ 



I pi dx^ 
^ jk dxi' 



dx'' 
dx*'' 
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Remark If {^p,ri)Y is a linear (p, r7)-connection for the vector bundle {E,tt,M), 
then, for any z = z'^t^ € T (F, v, M) , we obtain the covariant {p, rj) -derivative associated 
to the linear {p,r]) -connection {p,r])T with respect to the section z 

r{E,TT,M)^-^^r{E,7r,M) 
u=u"-Sa I — > {p,r])DzU 

defined by 

(4.11) (p, 7j)D,u=z^oh (^pkoh^+{p, r/)r^ • v!') Sa- 

In the particular case of Lie algebroids, (ry, /i) = [Idu^IdM) , the relations (4.11) 
become 

(4.11') pD,u=z^ {^pk^+pTl^ . „6) sa. 

In the classical case, {p,r],h) = {Mtm, IdM, Idu) , the relations (4.11') become 
(4.11") DxY=X'^ {S+^ik ■ 9i. 

4.1 (Lineeir) (p, r7)-connections for dual vector bundle 

Let {E, TT, M) be a vector bundle. 

We consider the following diagram: 



(4.1.1) 



TT 4- i 

M > N 



where ^(F, i^, iV) , [, , (p, rj)j is a generalized Lie algebroid. 
Let 



{p,v)TE,ip,rj)r^,Ej,[,]^^^^^^,^,i^p,Id^ 

be the Lie algebroid generalized tangent bundle of the vector bundle ^E, tt, M 

We consider the B'^^-morphism (j^p,r]) n\, Id^ given by the commutative diagram 

* 

* {p,??)7r! ^* 

ip,r])TE ^TT ih*F) 



(4.1.2) {p,r,)r. 

E 



pn 



id* 

E ^E 



Using the components, this is defined as: 
(4.1.3) (p, r?) h Iz4a + Yad 1 (u^) = {Z<-Ta) (u^) , 
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for any Z^S^ + Yad G ( (p, 77) TE, {p, 77) r , , ^ 



Using the B'^-morphism (^{p,r]) n\, Id^ and the B"^-morphism (2.7) we obtain 
the tangent {p, r])- application ^{p, rf) Ttt, hoT^ of ( (p, 77) T^^, (p, rf) t y E j source and 



{F, ly, N) target. 

Definition 4.1.1 The kernel of the tangent (p, 77)-apphcation 



is written as 



V{p,ri)TE, {p,v)ryE 



and will be called the vertical subbundle. 

The set < 9 , a G l,r > is a base for the ( E ) -module 



r[Vip,ri)TE,ip,ij)TyE] ,+, 



Proposition 4.1.1 The short sequence of vector bundles 



(p,??)7r! 



0^ ^Vip,r])TE^ ^ip,r])TE ^tt {h*F) >0 



(4.1.4) 



Id» 



E' 



E * 

^E- 



Id* 

E 



Id» 



^E- 



^E 



Id* 

E * 

^E 



is exact. 

* * 

Definition 4.1.2 A Man-morphism {p,r])r of {p,r])TE source and V {p,r))TE 
target defined by 

/ * . a\ .b 

(4.1.5) (p, r?) r Z^d^ + Yad (u^) = (n - (P, V) ^irrZ^) d (^1^) , 



such that the B"*'-morphism \^{p,r])T, Id*^j is a split to the left in the previous exact 

sequence, will be called {p./q)- connection for the dual vector bundle ^E,7r,M 

The diffcrcntiable real local functions (p, r/) F^^ will be called the components of 

(p,ri)- connection {p,rj)T. 



The (p, /(iM)-connection for the dual vector bundle ^£^,7r, Mj will be called p- 
connection for the dual vector bundle ^E, tt, and will be denoted pT. 

The (I^TM, -^c^M )-connection for the dual vector bundle ^E,tc,M^ will be called 
connection for the dual vector bundle [ E,Tr,M] and will be denoted F. 
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Let {s", a G l,r} be the dual base of the base {sa,a G l,r} . 
The B^-morphism ( 11, vr 1 defined by the commutative diagram 



* n 



(4.1.6) 



V{p,i])TE 



E' 



where, 11 is defined by 

(4.1.7) nivad {u^) 



is canonical projection B"^-morphism. 

Theorem 4.1.1 // {p,r])T is a {p,ri)- connection for the vector bundle ( £^,7r, M ) , 
then its components satisfy the law of transformation 



(4.1.8) {p,v)T,^-=Mlo;c 



-p; O /l O TT • -^^Vd + (P, »?) Tft-y 



In the particular case of Lie algebroids, {r],h) = {IdM,IdM) , the relations (4.1.8) 
become 



I. * dM^OTT , _ 



AloTT. 



(4.1.8') pT^-=MloT, 

In the classical case, {p,r],h) = {IdTM, Idu^ Idn) , ihe relations (4.1.8') become 



(4.1.8") 



T-i Bri * 

^J-k'=§jOTM 



a ( dx'-^* \ „ 



+ Tofc 



Proof. Let ^11, ttJ be the canonical projection B-morphism. 
Obviously, the components of 



no(p,r?)r ZW^ + Yj (u^ 



are the real numbers 



{Yi,--{p,rj)Ttf^'Z^) (u,y 



Since 



+ ( Z%o h O ^^^Pa + M,%) B{u.), 
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it results that the components of 

Uo{p,n)r(^z"''dy+Yh,d j (^^) 

are the real numbers 

where ||M,^|| = ||M,^'||-\ 
Therefore, we have: 

[z^'p^- o h o ^^^^Pa + Ml o ^Y, - {p, r,) r^Z-y'A} ohon^Mlo^ 

= Yb--{p,v)r^-z^'. 

After some calculations we obtain: 

(p, rj) =Ml.o^ (^-p^ oho^- ^^§^Pa' + (p, v) T&r) AX o /i o ^. q.e.d. 

Remark 4-1-1 If we have a set of real local functions (p,r])Tiyy which satisfies the 
relations of passing (4.1.8) , then we have a (p, ?7)-connection (p, rj) F for the dual vector 

bundle (^E,7r,M 

Example 4.1.1 If F is a Ehresmann connection for the vector bundle ^E,tt,M 
on components Tjjk, then the differentiable real local functions 

(p, r]) Ff^ = (^p^ohon^ r^fc 

are the components of a (p, r/) -connection (p, rj) T for the vector bundle ^E, tt, which 
will be called the {p,r]) -connection associated to the connection T. 

Definition 4.1.3 If (p, rj) T is a. (p, r/)-connection for the vector bundle ^E, tt, , 
then for any 

z = z^'tj G r {F, u, N) 



the application 



r{E,7r,M] T{E,TT,M 



u = UaS"- I — > (p, rj) DzU 

defined by 

(4.1.9) (p, r?) D,u = z'yoh(^p>^oh^- (p, r?) T,^ o s", 

will be called the covariant {p,rj) -derivative associated to {p,r])- connection (p, r/)r with 
respect to section z. 
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In the particular case of Lie algebroids, {r],h) = {IdM^IdM) , the relations (4.1.9) 
become 

(4.1.9') pD,u = z-r (p^gl - pTf^ o u) sK 

In the classical case, {p,r],h) = {Mtm, IdM, IcIm) , the relations (4.1.9') become 



(4.1.9") 



Definition 4.1.4 We will say that the (p,r]) -connection {p,r])r is homogeneous or 
linear if the local real functions {p, rj) T^j are homogeneous or linear on the fibre of 



vector bundle yE, vr, M j respectively. 

Remark 4-1-2 If (p, ry) F is a linear (p, 77)-connection for the vector bundle ( tt, M ) , 



then for each local vector (m + r)-chart (jJ, su^ and for each local vector (n + p)-chart 
{V,tv) such that U fl (V) ^ cf), there exists the differentiable real functions pF^ 
defined on [/ fl {V) such that 



(p, r])rh^ou= (p, rj) ■ Ua, 



(4.1.10) 



for any u = Uas"- G F ^E, tt, MJ . 

The differentiable real local functions (p, rj) F^^ will be called the Christoffel coeffi- 
cients of linear {p,rj)- connection {p,r])r. 



Theorem 4.1.2 // (p, r])V is a linear (p, rf)- connection for the vector bundle ( tt, M J , 
then its components satisfy the law of transformation 



(4.1.11) 



{p,rj)V%.= Ml- -pkoh'-^ + {p,r^)Vl^Mi 



A}oh. 



In the particular case of Lie algebroids, {r],h) = {IdM,IdM) , the relations (4.1.11) 
become 



PJ- by — JW;,- P7 Q^k + Iri^^^a 



AX. 
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(4.1.11') 

In the classical case, {p,r],h) = {IdTM, Idu, IdM) , the relations (4.1.11') become 
(4.1.11") 



■pi' dx^ 



d ( dx' \ I pi (9a:' 
"d^ \dx^ J ^ jkdx' 



dx^ 
dx'' ' 



Remark 4- 1-3 Since 



it results that the relations (4.1.11) are equivalent with the relations (4.10'). 

Definition 4.1.5 If (p, r/) F is a linear (p, 77)-connection for the vector bundle [ E,Tr,M ], 
then for any 

z = z^t^ e F {F, V, N) 



22 



the application 

<\ 

u=UaS°' I — > {p,ri)D^u 

defined by 

(4.1.12) {p,rj)D,u=z^oh (p^o/ig|-(p, ry)r^ • u„) s" 

will be called the covariant (p, rj) -derivative associated to linear (p, rj) -connection (p, rj) F 
with respect to section z. 

In the particular case of Lie algebroids, {r],h) = {IdM, Idu) , the relations (4.1.12) 
become 

(4.1.12') pD,u=z^ (^pk^-pT-^ . s' 

In the classical case, {p,ri,h) = {IdTM,IdM,IdM) , the relations (4.1.12') become 
(4.1.12") Dxu=X^ (S^-rjfe • ^i) dx^ 

In the next we use the same notation (p, rf) T for the linear (p, 77)-connection for the 
vector bundle {E,it,M) or for its dual ^£',7r, 

Remark 4- 1-4 If {Pi r?) T is a linear (p, ?7)-connection for the vector bundle {E, tt, M) 
or for its dual ( E,^,M] then, the tensor fields algebra 



(r(S,7r,M),+,.,®) 
is endowed with the (p, r7)-derivative 

r{F,i^,N) xT{E,7r,M) T{E,-k,M) 
{z,T) ^ {p,v)D,T 

defined for a tensor field T e Tf {E, tt, M) by the relation: 

(p, 7?) D;,T (ui, Up, Ul, Uq^ = r (p, rj) (z) (t (^Ul, Up, Ul, ...,Ug^^ 

(4.1.13) -T (^(p,?7) -DzUi, ...,Up,ui, ...,Uq^ - ... - T (^ni, {p,r]) DzUp,ui, ...,Uq 

Ul, ...,Up, {p,r]) D:,Ui, ...,Uqj - ... - T (^tXi, tip, Ul, (p, 7?) D^Ugj . 

Moreover, it satisfies the condition 

(4.1.14) (p, 77) Df,,,+f,,,T = h (P, n) D,,T + ^ (p, 77) I^.^T. 

Consequently, if the tensor algebra [T {E,tt,M) ,+,-,®) is endowed with a {p,rf)- 
derivative defined for a tensor field T G Tq {E,tt,M) by (4.1.13) which satisfies the 
condition (4.1.14), then we can endowed {E, tt, M) with a linear (p, 77)-connection (p, 77) T 
such that its components are defined by the equality: 

{P,V) Dt^Sb = (p,7?)r^Sa 
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or 

{p,7^)Dt,s- = -{p,l^)Vl^sK 

The {p, ?7)-derivative defined by (4.1.13) will be called the covariant {p, rj) -derivative. 
After some calculations, we obtain: 

(p, 77) D, (r^l'^y^Sa, ® ... ® Sa^ ® S^^ ® ... ® S^) 

= z^ohl^p^^o + (p, rj) T^T^CX" 

^4 1 + (P, ^) r-r-:-^^f + ... + (p, ry) r«^,r-:«-'" - - 

- ip^ v) ® - ® ® ® - ® 

^= O hT^l'---^^^^Sa, ® ... S^l ® ... ® S^. 

We remark that if (p, Vj) T is the hnear (p, r/) -connection associated to the Ehresmann 
linear connection F, namely (p, ??) F^^ = {pa° h) F^^, then 

„ai,...,ap _ / ij , \ rpai,...,ap 
-'&l,...,6,|7 - lP7°"'J^&i,...,Mfe- 

In the particular case of Lie algebroids, {r],h) = {IdM,IdM) , the relations (4.1.15) 
become 



Sap (8) S^^ (g) ... (g) 



J. bi,...,bq -paj „a,a2...,ap 

P7 Q^k "^P^a7^6i,...,6q 



(4.1.150 +pn^C;!:C' + - + p^'^^^: 



a2...,a 



pfe /-p0.i,a2...,ap rpii ,a2 ■ ■ ■ ,ap 

-pr^^^T,';;;,;^;;;;'') s,, ^ ... ® ^ ® ... ^ s'^'^ 

=* '^''^6T;::;Ci7^«i ^ - ® ® ® - ^ 

In the classical case, {p,ri,h) = {IdTM,IdM,IdM) , the relations (4.1.15') become 

Dx (T-l:2^i, (g) ... ® di^ (g) dx^i (g ... g) dx^'^) 



(4.1.15") 



' arr.n -'-V ... ... 

Vfc / il ■ I ■pn^««2...*p . .Y.lprpll---lp- 



=* X^T'.'-'.^.,di, ® ... (g 5i (g dx^'i (g ... (g dx^'^. 
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5 Torsion and curvature. Formulas of Ricci and Bianchi 
type 

We apply our theory for the diagram: 

E {F,[,]p^^,{p,IdN)) 

(5-1) TT V 1 

h 

M 



where (S,7r,M) G |B^| and [{F,u,N) ,l\pj^,{p,IdN)j € |GLA| . 

Let pV be a Unear p-connection for the vector bundle (£', tt, M) by components pL^^. 
Using the components of the linear p-connection pF, then we obtain a linear p- 
connection pF for the vector bundle {E^ tt, M) given by the diagram: 

E (h*F,[,]^,p,(^''7,IdM)) 

(5.2) ih*v 

M M 

If (i?, TT, M) = {F, V, N) , then, using the components of the linear p-connection pF, 
we can consider a linear p-connection pF for the vector bundle {h*E, h*7r, M) given by 
the diagram: 

h*E (h*E,[,]^,p,(^J,IdM)) 

(5.3) h*TT i i /i*7r 

M M 

Definition 5.1 If {E,it,M) = {F,u,N), then the application 

r{h*E,h*7r,Mf -^^^ r{h*E,h*7r,M) 
{U,V) pT{U,V) 

defined by: 

(5.4) (p, h) T (U, V) = pibuV - pDvU - [U, Vj^.^ , 

for any U,V E T {h*E,h*'!r, M) , will be called {p,h) -torsion associated to the linear 
p-connection pF. 

In the particular case of Lie algebroids, h = IdM, we obtain the application 

T{E,7r,Mf r{E,TT,M) 
{u, v) — >■ pT (u, v) 

defined by: 

(5.4') pT {u, v) = pDuV - pD^u - [u, v] ^ , 

for any u,v G T{E,Tr,M), which will be called the p-torsion associated to the linear 
p-connection pF. 
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In the classical case, p = Mtm, we obtain the torsion T associated to the linear 
connection T. 

Proposition 5.1 The {p, h)-torsion {p,h)T associated to the linear p-connection 
pT is B.-bilinear and antisymmetric. 
If 

(p,/l)T(5„,Sfe)^= 

then 

(5-5) ip,h)T^^, = pTl,-pri^-Ll,oh. 

In the particular case of Lie algebroids, h = Mm, we have pT {sa, s^) ^= pT^^b^c o-'nd 
(5-5') P^fe = pK, - pTl^ - LI,. 

In the classical case, {p,h) = {IdTM, Idn) , the equality (5.5') becomes: 

(5-5") Tjk = - nr 

Definition 5.2 The application 

{r{h*F,h*u,Mf xr{E,7T,M) -^^^ T{E,TT,M) 

{{Z,V),u) {p,h)R{Z,V)u 

defined by 

(5.6) {p, h) M (Z, V)u = pbz {pDvu) - pDy {pDzu) - pDyz,v\^^^u, 

for any Z,V e T {h* F, h* v , M) and u G r(£;,7r,M), will be called {p,h) -curvature 
associated to the linear p-connection pT. 

In the particular case of Lie algebroids, h = IdM, we obtain the application 

T{F,i^,Mf xr{E,Tr,M) r(£;,7r,M) 
{{z,v),u) — > pR{z,v)u 

defined by 

(5.6') pR {z, v)u = pDz {pDyu) - pD^ {pD^u) - pD^^^^^^u, 

for any z,v £ T {F, v, M) and n G F {E, tt, M) , which will be called p-curvature associ- 
ated to the linear p-connection pT. 

In the classical case, {p, h) = {Mtm-, Mm) , we obtain the curvature M associated to 
the linear connection T. 

Proposition 5.2 The {p, h) -curvature {p,h)M. associated to the linear p-connection 
pr, is R-linear in each argument and antisymmetric in the first two arguments. 

If 

{p, h) M (T^, T^) Sb =* (p, h) Rt apSa, 

then 

(5.7) -prtaP^tf, + P^t,Llp o h. 
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In the particular case of Lie algehroids, h = Mm, we. obtain pS.{tji,ta) s\, 
P^b a^^a, and 

(5.7') pW, „^ = p^^^ + pVl^pVl^ - (fjg^ - pVl^pVlp + pTl^Ll^. 

In the classical case, {p, h) = {IdTMjIdu) , we obtain M {dk, dh) Sf, ^= hk^"-' 
the equality (5.7') becomes: 

(K ma _ bh _i_ r" — bk _ pa pe 

y^- ' I ^bhk — 'd^ ^ ^ ek^ bh ^ eh^ bk' 

Theorem 5.1 For any u"-Sa G T {E, tt, M) we shall use the notation 
and we verify the formulas: 

(5-9) «7.^ - «7^. = {P, h) K\p - u^Ll^ o h. 

After some calculations, we obtain 

(5.10) (p, h) M-„^ = ua (u7^^ - ^7^^ + n^^L^.^ o /i) , 



where Uas"- G F |^£^, vr, mJ suc/t i/iai Uau'' = 5^. 

In the particular case of Lie algebroids, h = Idu, the relations (5.10) become 

In the classical case, {p,h) = {IdxM, Idu) , the relations (5.10') become 
Proof. Since 

^Xs =P'B-h(—(p>h^+ pVZu^ 



ax-' ax* ox^ \ ox^ J 

+ (^.ohpTll—^+pTllpVi^u- 
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and 



it results that 



„.ai _ ai - ^ n* o/) ^ 



+ \^fPp o hp'^ o h^-^ - p>p o hp\ o h 



Ol 



+ 

+ pVllpVl^u^ - pVZpT%u\ 
After some calculations, we obtain: 



Since 



and 



+ pTllpT^^u- - pTZpKpu\ 
-pK'apTl^-pKl^Lj^oh). 
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it results that 



q.e.d. 



Lemma 5.1 // {E,7t,M) = {F,u,N), then, for any u"-Sa G r(i?,7r,M), we have 
that u"^, a,c G l,n are the components of a tensor field of (1, 1) type. 

Proof. Let U and U' be two vector local (m + n)-charts such that U CiU' ^ (f). 
Since (x) = M„ (x) (x) , for any x e U Ci U' , it results that 

P'J ° h (x) ^ = p^J oh{x)^ (m«' (x)) n» (x) + M«' (x) p,^' o M^) (1) 
Since , for any x eU CiU', we have 

pr«;,(x) = M«'(x) (p^ o h{x)^{M-{x)) + pTl{x)M',,{x)) M-{x), (2) 

and 

= ^ (m«' (x) M» (x)) = ^ (m«' (x)) M« (x) + M«' (x) ^ (M« (x)) (3) 
it results that 

d 



pV-;,, (x) u^' (x) = -p^, oh{x)-^ (m«' (x)) u« (x) 
+ M«' (x)pr?,(x)n''(x)M,^,(x). 



(4) 



Summing the equalities (1) and (4), it results the conclusion of lemma. q.e.d. 
Theorem 5.2 // {E,Tr,M) = {F,v',N), then, for any 

U^Sa eT{E,TT,M), 

we shall use the notation 

(5.11) ^l\, = ^%,-p^iyid 

and we verify the formulas of Ricci type 

(5.12) «7„|, - «7,|„ + (p, h) = u'^ (p, h) R2^„, - u^^L^, o h 

In the particular case of Lie algebroids, h = IdM, the relations (5.12) become 
(5.12') I, - 1„ + pT^^,uJ, = u^pR-,\, - u^Ll, 

In the classical case,{p,h) = {IdxM, Idu) , the relations (5.12') become 
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Theorem 5.3 For any Uas"" G V yE^ tt, Mj we shall use the notation 

(5-13) tX6i|a/3 = O h-^ (U6j|c,) - pTl^pUk\a 

and we verify the formulas: 

(5.14) U6j|c,;3 - txbii/sa = -Ub {p, h) - ^bii^i^^ o h 
After some calculations, we obtain 

(5.15) (p, /i) M^^ = v}> (-?X6i|a/3 + ?i6i|/3a - ^ibi|7^a/3 ° ^) ' 

where u^'Sa G T {E,Tr,M) such that UaU^ = (5^. 

In the particular case of Lie algebroids, h = IdM, the relations (5.15) become 

(5-15') = (-«bi|a/3 + ^^6i|/3a " ^^biii^Z/s) • 

In the classical case, {p,h) = {IdTM, Idn) , the relations (5.15') become 
(5.15") M.l,^ = u'{-u,,\,j + u,,\j,). 

Proof. Since 

- pTl^ o h^^ - pVl^u^l 
-pi°hpTlp^+pTl^pTt^Ua 



and 



dp'gohdub, j ^ i ^ d fdubA 

i i U rb ^^b 

-P^P^hpTla-^^+pTl^pVt^Ua 
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it results that 



V dx^ 



+ P'p ° ''P^ha-Qj - P'a ° ^P^brCQ^ 

+ PaOhpTl^^-piohpTt^^^ 



+ prl^prt^ua-prl^^prtpua. 

After some calculations, we obtain: 



Since 



+ I Pa O h-g^Ub - p'f^O h-g^Ub 

+Pn,^Pna^a-prl^o.Pn^Ua. 



Ub (p, h) M^^„^ = Ub\p'pO h—^^ + pTlf^P^^a 

- Pa o -pTlpTt,^ - pVm^ o h) 



and 



nb,\,Ll^oh=[p^^oh^-^-^^' ^-WT 

it results that 



— ^ - pT^^^Ub Ll^oh 



-Ub {p, h) ^b^^^p - Ub^l-yLlp oh = -Lip o hp^ o 



+ pTl^^pT^baUa - pTl^aP^tpUa. 



Lemma 5.2 // {E,Tr,M) = {F,v,N), then, for any 

Ubs'' G r (E,n,M) , 



we have that Ub \c, b,c £ 1, n are the components of a tensor field of (0, 2) type. 
Proof. Let U and U' be two vector local (m + n)-charts such that U DU' ^ (f). 
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Since uiy (x) = M^, {x)ub{x) , for any x E U H U' , it results that 

dub' (x) k' 1 r \ ^ 

(1) 



Pc' ° h (x) = pkj oh{x)^ (a4 (x)) Ub (x) 



+MUx)p^,oh{x)^-^ 



Since, for any x £ U DU', we have 

(2) 



prg;,, (x) = M»' (x) U ohix)-^ {M^ (x)) 



+prUx)Ml,{x))M'^{x), 



and 



(3) 



it results that 



(m,"' (x)) M,'^ (x) + (x) {M^, (x)) 



Sx*^' V " ^ V " " dx^' 



d 

j-^^ ^-j- 6'c' \-^> "a' = -A^c' " " v-^; 

+M,^,(x)pr?,(x)n„(x)M,^,(x). 



P^Vd {x) Ua' (x) = -pj; oh{x)^ (x)) (x) 



Summing the equalities (1) and (4), it results the conclusion of lemma. q.e.d. 
Theorem 5.4 // {E,t:,M) = {F,u,N), then, for any 



Ubs" G r \^E, TT, Mj , 

we shall use the notation 

(5.16) Mfej \a\b = Ub^ \ab - P^tb^bi \d 

and we verify the formulas of Ricci type 

(5.17) Ub, \a\b - Ub, \b\a + (P, h) ^'^^b'^bi \d = -Ud {p, h) „^ - Ub^ \dLib ° h 
In the particular case of Lie algebroids, h = IdM, the relations (5.17) become 

(5.17') Ub^ \^\b - Ub, + pT^ab^bi \d = -UdP% ah - \dKb- 

In the classical case, {p,h) = {Mtm, Idj^i) , the relations (5.17') become 
(5-17") uj^ |,|,- - uj^ |,|, + T%uj^ = Uh^'^^ 

Theorem 5.5 For any tensor field 



Tbl::Zsa^ ® - ® ® ® - ® 



we verify the equality: 



(5.18) (/>, h) - T^^X a/3 



'■bl...bq-lb \P' Hq al3 ^bl...bq\-i^a0 
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In the particular case of Lie algehroids, h = IdM, the relations (5.18) become 

(5.18') +K\:::-'''pK'afi - T^,';:X<. - - 

_rpO,\...ap „]^b _ rpO-l—Clp j-jy 



h\...hq-\h" bq a/3 6i...6q|7 a/3' 

In the classical case, {p,h) = {Mtm, IdM) , the relations (5.18') become 

,^ ^g,,^ ^jl-jq\hk - ^n...jq\kh - ^jl...jq hk - 

^ ' ' I fTi2l---2p— l*ujip rpil---ip Traj rpil---ip mj 

' ji—jq i hk 332— jq ji hk ••• jq hk' 

Theorem 5.6 // {E,7r,M) = {F,v,N), then we obtain the following formulas of 
Ricci type: 

rpa\...ap rpO^l-.-ap / , n m,^ rp0.1---0-p 

^bl...bq \b\c ^b-i...bq\c\b^ yP^"'! ^ bc'^bl...bq\d 

(5.19) = KZC {p, h) K\c + - + (p> h) 

-KbZZ ip^ h) Rl^ - ... - r,';--;^^, {p, h) - T:;:,%Lt o h. 

In the particular case of Lie algebroids, h = IdM, the relations (5.19) become 

^bi...bq |6|c ~ ^bi...6g|c|6 be''- bi...bq\d 

(5.19') = K.^X^'P^abc + - + TZ'-t'^PKbc 

-^bb2...bqP'^bl be ■■■ ^b-i_...bq-ibP^bq bc ^ bl...bq\d^bc- 

In the classical case, {p,h) = {Mtm, Idn) , the relations (5.19') become 

(5 19") ^^■■■^'i 1^1'^ h---3q\k\h hk ji...jq\m 

^ ' ' T-i**2---*piTt,ii . I fTill---*p— l*Tn)lp rpil-'-tp -mj m*l---*p -mj 

~ ^h-3q '^i hk ••• ^3i-3q hk ^3h-3q^h hk - h-3q-i3^3q hk- 

We observe that if the structure functions of generahzed Lie algebroid 

({F,u,M),[,]p^^,{p,IdM)), 

the (/9, /i)-torsion associated to hnear /o-connection pT and the (/?, /i)-curvature associa- 
ted to Unear p-connection pT are null, then wc have the equality: 

Ir. on^ rpa,i...ap rpai...ap 

y^-'^^) -^6i...m6|c ~ -'bi-bqlclb' 

which generalizes the Schwartz equality. 

Theorem 5.7 // {E,Tr, M)={F,i/, N), then the following relations hold good 

E {{pDu^{p,h)T){U2,U^)-{p,h)R{Ul,U2)U^ 

(-Bi) cyclic{Ui,U2,U3) 

+ {p,h)Ti{p,h) T([/i,[/2),[/3)} = 0, 

and 

{ {pDu, {p, h) m) (C/2, U^) U+ {p, h) M ((p, h) T (t/i, U2) , Us) u] =0. 

cyclic(Ui,U2,U3,U) 
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respectively. This identities will be called the first respectively the second identity of 
Bianchi type. 

In the particular case of Lie algebroids, h = IdM, the identities (Bi) and {B2) 
become 

{B[) ^ {{pDuipT){u2,U3)- pR{ui,U2)u3+pT{pT{ui,U2),U3)} = 0, 

cydic{u\,U2,uz) 

(-^/^ ^ {{pDu^pM){u2,u:i)u + pR{pT{ui,U2) ,U3)u} = 0. 

cyclic{u\,U2,U3,u) 

In the classical case, {p,h) = {IdxM, Idn) , the identities {B[) and {B'2) become 
{B'{) Yl {{Dx,T){X2,Xs)-R{X,,X2)Xs + T{T{X,,X2),X3)} = 0, 

cyclic{Xi,X2,X3) 

^B'>) {(L'xiM)(X2,X3)X + M(T(Xi,X2),X3)X} = 0. 

cyclic{X\,X2,X3,X) 

Proof: Using the equality 

pbu, {p, h) t) {U2, Us) = pDu, Hp, h) T {U2, Us)) 
- {p, h) T [pDu,U2, Us) - (p, h) T {u2,pDu,Us) 

and the Jacobi identity we obtain the first identity of Bianchi type. 
Using the equahty 

[pbu, (p, h) r) {U2, Us) u = pbu. Hp, h) r {U2, Us) u) 

- {p, h) R {pbu,U2, Us) U - {p, h) R (u2,pbu,Us) U - {p, h) R {U2, Us) pDuJJ 

and the Jacobi identity we obtain the second identity of Bianchi type. q. e. d. 

Remark 5.1 On components, the identities of Bianchi type become: 

E { (P' h) + {p, h) T^^„3 . {p, h) } 

cyclic{ai,a2,as) 

E {P,h)R^asa,a2 
cyclic{ai,a2,a3) 

and 

E { < a^aala, + (P' h) < ■ {p, h) } = 0. 

cyciic{a,ai JI2 ><i:^) 

If the /i)-torsion is null, then the identities of Bianchi type become: 

cyclic{a\ 02,13) 

and 

E (P'^Xa^aaU, =0- 

cyclic{a,ai ,02 ,03) 
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6 (Pseudo)metrizable vector bundles. Formulas of Levi- 
Civita type 



We will apply our theory for the diagram: 



E 



(^F,[,]p,^,{p,IdN)) 



(6.1) 



TT 



M 



h 



where {E, vr, M) € |B"^| and ( {F, u, N) ,[,]pf^, {p, Id^) ) is a generalized Lie algebroid. 



Definition 6.1 Wc will say that the vector bundle {E,tt,M) is endowed with a 
pseudometrical structure if it exists g = Qabs"' ^ s'' G {E, vr, M) such that for each 
X G M, the matrix Wg^h {x)\\ is nondegenerate and symmetric. 

Moreover, if for each x ^ M the matrix 11506(2^)11 has constant signature, then we 
will say that the vector bundle {E, vr, M) is endowed with a metrical structure. 

li g = gabs"" <Si s'' € {E, vr, M) is a (pseudo) metrical structure, then, for any 
a,b G l,r and for any vector local (m + r)-chart {U,su) of {E,Tr,M), we consider the 
real functions 



such that 11^''" (a;)|| = \\gab ix)\\~'^ , for any Vx G U. 

Definition 6.2 We admit that {E, vr, M) is a vector bundle endowed with a (pseudo) metrical 
structure g and with a linear p-connection pT. 

We will say that the linear p-connection pF is compatible with the (pseudo)metrical 
structure g if 



Definition 6.3 We will say that the vector bundle (E, vr, M) is p- (pseudo)metrizable, 
if it exists a (pseudo) metrical structure g £ 1^ {E,t:,M) and a linear p-connection pT 
for {E,7T,M) compatible with g. The Z(iTM-(pseudo)metrizable vector bundles will be 
called ( pseudo) metrizable vector bundles. 

In particular, if {TM,tm,M) is a (pseudo) metrizable vector bundle, then we will 
say that {TM,tm,M) is a (pseudo)Riemannian space, and the manifold M will be 
called {pseudo) Riemannian manifold. 

The linear connection of a (pseudo) Riemannian space will be called {pseudo) Rieman- 
nian linear connection. 



Theorem 6.1 // {E, tt, M) = {F, u, N) and g e {h*E, h*Tr, M) is a (pseudo )metri- 
cal structure, then the local real functions 



are the components of a linear p-connection pT for the vector bundle {h*E, h*TT, M) such 
that {p,h)T = and the vector bundle {h*E,h*'K,M) becomes p-(pseudo)metrizable. 
This linear /9-connection pV will be called the linear p-connection of Levi-Civita type. 



(6.2) 



pD,g = 0, Vz€r(F,z/,iV). 



(6.3) 




- (Lie ° h) ged - {Ltd ° h) gee + {L^dc o h) geb) , 
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In the particular case of Lie algebroids, h = IdM, the relations (6.3) become 

(6.3 ) pi-bc - -j9 I ^ ^''~dxT ~ '^'^~dJ ~ ~ J ' 

In the classical case, {p,h) = {IcItm, Idn) , the relations (6.3') become 
(f. o//^ -pi _ }:^ih ( ^9jh dghk _ dgjk \ 

Proof. Since 

(^pDug) V®Z = r (^*p^, Mm) (U) ((5 {V®Z))-g(^ [pDuV) ® 
-g (V ® (^pDuZ^^ ,yU,V,Zer {h*E, h*Tr, M) . 

it results that, for any U,V,Zer {h*E, /i*7r, M) , we obtain the equaUties: 

(1) r (^''7, Idu) {U) {g {V Z)) = g [pDuV) (g, Z^ + g (v ^ [pDuZ) ) , 

(2) r (^p", Mm) (Z) {g{U^V))=g(^ [pDzU) (gv)+g(u0 [pDzV) ) , 

(3) r C'p', Mm) {V) {g{Z®U))=g(^ [pDyZ) (gu)+g(z® [pDyU) ) . 
We observe that (1) + (3) — (2) is equivalent with the equality: 

g [{j)buV + pDvU) ^z)+g(^ {pDyZ - pDzV) u) 

+g ( (^pDuZ - pDzU) ^V)=r {^'*p^ , Mm) {U) {g {V ® Z)) 
+r {^'p", Mm) {V) {g {Z 0U))- F {^'p"" , Mm) [Z) {g {U ® V)) . 

Using the condition [p, /i) T = 0, which is equivalent with the equality 

piDuV - pDvU - [U, Vj^^E = 0, 

we obtain the equality 

2g [[pDuV) 0z)+g {[V, U]^,^ Z) + g {[V, Z]^.j, ®U) + g ([[/, Z]^.^ ® V) 
= r {^*p'', Mm) {U) {g {V 0Z)) + T (''p', Mm) (V) {g {Z ® U)) 
-r (^^*p^, Mm) (Z) {g {U ® V)) ,yU,V,ZeT {h*E, h*Tr, M) . 

This equality is equivalent with the following equality: 

2g {{pbuV) ®z) = r {^*p^, Mm) {U) -{giV® Z)) 

+r i^^p"", Mm) {V) {g {Z (g>U))-T {^^p"" , Mm) {Z) {g {U V)) 
+9 iW, V]h^E ®Z)-g {[V, Z\,E 0U)+g {[Z, C/]^,^ V) 
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for any U,V,Z {h*E, h*7T, M) . 

liU = Sc, V = Sf, and Z = Sd, then we obtain the equahty: 

2g iipFlSa) ® Sd) = pI o h^S^^ + p> o _ pl^ o 

+g {{Ll^ oh)Se^ Sd) - 9 {{Lla oh)Se^ Sc) + g ((L^, oh)Se® Sb) , 

which is equivalent with: 

- mc ° 9ed - {Ll^ o h) gee + (i^c ° ^) 9eb 

Finally, we obtain: 

„pa _ lp.ad ( k u dgbd \ J ^ h ^9dc — Jo h^Sbc 
be — 29 \Pc ° 1^ dxk ^ Pb° Pd° dxi 

- o h) ged - {Lid ° h) gee + {Lde o h) geb) , 

where \\g^'^ (.x)[| = \\gda i for any x E M. q.e.d. 

Theorem 6.2. // {E, tt, M) = {F, iy,N),g {h*E, h*7r, M) is a pseudo (metrical) 
structure and T G 7^^ {h*E, h*ir, M) such that its components are skew symmetric in 
the lover indices, then the local real functions 

(6-4) ptl = pTl + ^r"" {9d.ne - 9bene + geeTld) , 

are the components of a linear p-connection compatible with the (pseudo) metrical struc- 
ture g, where pTl^. are the components of linear p-connection of Levi-Civita type (6.3). 
Therefore, the vector bundle {h*E,h*7r,M) becomes p- (pseudo)metrizable and the ten- 
sor field T is the {p, h) -torsion tensor field. 

In the particular case of Lie algebroids, h = IdM, g {E,t^,M) is a pseudo (metrical) 
structure and T G 7^^ {E, it, M) such that its components are skew symmetric in the 
lover indices, then the local real functions 

(6.4') ptl = pFl + (5deTL - gbeTle + dee^ld) , 

are the components of a linear p-connection compatible with the (pseudo)metrical struc- 
ture g, where pF^^ are the components of linear p-connection of Levi-Civita type (6.3'). 

In the classical case, {p, h) = {Idru, Idn) ^ 9 {TM, tm, M) is a pseudo (metrical) 
structure and T G 7^^ {TM, r m , M) such that its components are skew symmetric in the 
lover indices, then the local real functions 

(6-4") f = + 1^^^ {9keT% - gjeTlk + gekT'jh) , 

are the com,ponents of a linear connection compatible with the (pseudo)metrical structure 
g, where T*-^ are the components of linear connection of Levi-Civita type (6.3"). 

Theorem 6.3 // {E,tt,M) = {F,iy,M), g G {h* E , h* tt , M) is a pseudo (metri- 
cal) structure and pT is the linear p-connection (6.4) for the vector bundle {h*E, /i*7r, M), 
then the local real functions 

(6.5) P^a = p^a + I'g'^'g o 

^ ' ebla 
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are the components of a linear p-connection such that the vector bundle {h*E, h*Tr, M) 
becomes p-(pseudo)metrizable. 

In the particular case of Lie algebroids, h = Idu, 9^7^ {E, ir, M) is a pseudo (metrical) 
structure and pT is the linear p-connection (6.4') for the vector bundle {E,Tr,M), then 
the local real functions 

(6.5') prta = p^L + 5^"Xm. 

are the components of a linear p-connection such that the vector bundle {E, n, M) be- 
comes p-(pseudo)metrizable. 

In the classical case, {p, h) = {IdTM, IdM) , g & {TM, tm, M) is a pseudo (metrical) 
structure and pT is the linear p-connection (6.4') for the vector bundle {TM,tm,M), 
then the local real functions 

(6.5") f = + i^^^^o^ 

are the components of a linear connection such that the vector bundle {TM,tm,M) 
becomes (pseudo)metrizable. 

Theorem 6.4 If g e 7^ {h*E, /i*7r, M) is a pseudo (metrical) structure, pV is the 
linear p-connection (6.5) for the vector bundle {h*E,h*7r, M), T = T^^^Sd ® S*^ ® t°^ , 
and = h^b^'d ~ 9bdg'^°' is the Obata operator, then the local real functions 

(6-6) Pno. = P^la + \Ol'^dTL 

are the components of a linear p-connection such that the vector bundle {h*E,h*7r,M) 
becomes p-(pseudo)metrizable. 

In the particular case of Lie algebroids, h = Id^, g G T2 (E, it, M) is a pseudo 
(metrical) structure, pT is the linear p-connection (6.5') for the vector bundle {E,n,M), 
T = T^Srf ® s'^ ® and and 0^2 = h^b^d '~ gbdg"^ is the Obata operator, then the local 
real functions 

are the components of a linear p-connection such that the vector bundle {E, n, M) be- 
comes p-(pseudo)metrizable. 

In the classical case, {p, h) = {IdTM, Idn) , g {TM, tm, M) is a pseudo (metrical) 
structure, T is the linear connection (6.5") for the vector bundle {TM,tmiM), T = 
T^j^di (g) dx'^ (g) dx^ and and Ojl = ^SjS] — Qjig^^ is the Obata operator, then the local 
real functions 

(6-6') f = f + \0^lTi„ 

are the components of a linear connection such that the vector bundle {TM,tm, M) 
becomes (pseudo)metrizable. 
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